Feynman's Preface

These are the lectures in physics that I gave last year and the year before to the
freshman and sophomore classes at Caltech. The lectures are, of course, not
verbatim—they have been edited, sometimes extensively and sometimes less so.
The lectures form only part of the complete course. The whole group of 180
students gathered in a big lecture room twice a week to hear these lectures and
then they broke up into small groups of 15 to 20 students in recitation sections
under the guidance of a teaching assistant. In addition, there was a laboratory
session once a week.

The special problem we tried to get at with these lectures was to maintain the
interest of the very enthusiastic and rather smart students coming out of the high
schools and into Caltech. They have heard a lot about how interesting and excit-
ing physics is—the theory of relativity, quantum mechanics, and other modern
ideas. By the end of two years of our previous course, many would be very dis-
couraged because there were really very few grand, new, modern ideas presented
to them. They were made to study inclined planes, electrostatics, and so forth,
and after two years it was quite stultifying. The problem was whether or not we
could make a course which would save the more advanced and excited student by
maintaining his enthusiasm.

The lectures here are not in any way meant to be a survey course, but are very
serious. I thought to address them to the most intelligent in the class and to make
sure, if possible, that even the most intelligent student was unable to completely
encompass everything that was in the lectures—by putting in suggestions of appli-
cations of the ideas and concepts in various directions outside the main line of
attack. For this reason, though, I tried very hard to make all the statements as
accurate as possible, to point out in every case where the equations and ideas fitted
into the body of physics, and how—when they learned more—things would be
modified. I also felt that for such students it is important to indicate what it is
that they should—if they are sufficiently clever—be able to understand by deduc-
tion from what has been said before, and what is being put in as something new.
When new ideas came in, I would try either to deduce them if they were deducible,
or to explain that it was a new idea which hadn't any basis in terms of things they
had already learned and which was not supposed to be provable—but was just
added in.

At the start of these lectures, I assumed that the students knew something when
they came out of high school—such things as geometrical optics, simple chemistry
ideas, and so on. I also didn't see that there was any reason to make the lectures
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in a definite order, in the sense that I would not be allowed to mention something
until I was ready to discuss it in detail. There was a great deal of mention of things
to come, without complete discussions. These more complete discussions would
come later when the preparation became more advanced. Examples are the dis-
cussions of inductance, and of energy levels, which are at first brought in in a
very qualitative way and are later developed more completely.

At the same time that I was aiming at the more active student, I also wanted
to take care of the fellow for whom the extra fireworks and side applications are
merely disquieting and who cannot be expected to learn most of the material in
the lecture at all. For such students I wanted there to be at least a central core or
backbone of material which he could get. Even if he didn't understand everything
in a lecture, I hoped he wouldn't get nervous. I didn't expect him to understand
everything, but only the central and most direct features. It takes, of course, a
certain intelligence on his part to see which are the central theorems and central
ideas, and which are the more advanced side issues and applications which he may
understand only in later years.

In giving these lectures there was one serious difficulty: in the way the course
was given, there wasn't any feedback from the students to the lecturer to indicate
how well the lectures were going over. This is indeed a very serious difficulty,
and I don't know how good the lectures really are. The whole thing was essentially
an experiment. And if I did it again I wouldn't do it the same way—1I hope I
don’t have to do it again! I think, though, that things worked out—so far as the
physics is concerned —quite satisfactorily in the first year.

In the second year I was not so satisfied. In the first part of the course, dealing
with electricity and magnetism, I couldn't think of any really unique or different
way of doing it—of any way that would be particularly more exciting than the
usual way of presenting it. So I don't think I did very much in the lectures on
electricity and magnetism. At the end of the second year I had originally intended
to go on, after the electricity and magnetism, by giving some more lectures on the
properties of materials, but mainly to take up things like fundamental modes,
solutions of the diffusion equation, vibrating systems, orthogonal functions,...
developing the first stages of what are usually called "the mathematical methods of
physics." In retrospect, I think that if I were doing it again I would go back to
that original idea. But since it was not planned that I would be giving these lec-
tures again, it was suggested that it might be a good idea to try to give an introduc-
tion to the quantum mechanics—what you will find in Volume III.

It is perfectly clear that students who will major in physics can wait until their
third year for quantum mechanics. On the other hand, the argument was made
that many of the students in our course study physics as a background for their
primary interest in other fields. And the usual way of dealing with quantum
mechanics makes that subject almost unavailable for the great majority of students
because they have to take so long to learn it. Yet, in its real applications—espe-
cially in its more complex applications, such as in electrical engineering and chem-
istry—the full machinery of the differential equation approach is not actually
used. So I tried to describe the principles of quantum mechanics in a way which
wouldn't require that one first know the mathematics of partial differential equa-
tions. Even for a physicist I think that is an interesting thing to try to do—to
present quantum mechanics in this reverse fashion—for several reasons which
may be apparent in the lectures themselves. However, I think that the experiment
in the quantum mechanics part was not completely successful—in large part
because I really did not have enough time at the end (I should, for instance, have
had three or four more lectures in order to deal more completely with such matters
as energy bands and the spatial dependence of amplitudes). Also, I had never
presented the subject this way before, so the lack of feedback was particularly
serious. I now believe the quantum mechanics should be given at a later time.
Maybe I'll have a chance to do it again someday. Then I'll do it right.

The reason there are no lectures on how to solve problems is because there were
recitation sections. Although I did put in three lectures in the first year on how to
solve problems, they are not included here. Also there was a lecture on inertial
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guidance which certainly belongs after the lecture on rotating systems, but which
was, unfortunately, omitted. The fifth and sixth lectures are actually due to
Matthew Sands, as I was out of town.

The question, of course, is how well this experiment has succeeded. My own
point of view —which, however, does not seem to be shared by most of the people
who worked with the students—is pessimistic. I don't think I did very well by the
students. When I look at the way the majority of the students handled the problems
on the examinations, I think that the system is a failure. Of course, my friends
point out to me that there were one or two dozen students who—very surprisingly
—understood almost everything in all of the lectures, and who were quite active
in working with the material and worrying about the many points in an excited
and interested way. These people have now, I believe, a first-rate background in
physics—and they are, after all, the ones I was trying to get at. But then, "The
power of instruction is seldom of much efficacy except in those happy dispositions
where it is almost superfluous." (Gibbon)

Still, I didn't want to leave any student completely behind, as perhaps I did.
I think one way we could help the students more would be by putting more hard
work into developing a set of problems which would elucidate some of the ideas
in the lectures. Problems give a good opportunity to fill out the material of the
lectures and make more realistic, more complete, and more settled in the mind
the ideas that have been exposed.

I think, however, that there isn't any solution to this problem of education
other than to realize that the best teaching can be done only when there is a direct
individual relationship between a student and a good teacher—a situation in which
the student discusses the ideas, thinks about the things, and talks about the things.
It's impossible to learn very much by simply sitting in a lecture, or even by simply
doing problems that are assigned. But in our modern times we have so many
students to teach that we have to try to find some substitute for the ideal. Perhaps
my lectures can make some contribution. Perhaps in some small place where
there are individual teachers and students, they may get some inspiration or some
ideas from the lectures. Perhaps they will have fun thinking them through—or
going on to develop some of the ideas further.

RICHARD P. FEYNMAN
June, 1963



Foreword

This book is based upon a course of lectures in introductory physics given by
Prof. R. P. Feynman at the California Institute of Technology during the academic
year 1961-62; it covers the first year of the two-year introductory course taken by
all Caltech freshmen and sophomores, and was followed in 1962-63 by a similar
series covering the second year. The lectures constitute a major part of a funda-
mental revision of the introductory course, carried out over a four-year period.

The need for a basic revision arose both from the rapid development of physics
in recent decades and from the fact that entering freshmen have shown a steady
increase in mathematical ability as a result of improvements in high school mathe-
matics course content. We hoped to take advantage of this improved mathematical
background, and also to introduce enough modern subject matter to make the
course challenging, interesting, and more representative of present-day physics.

In order to generate a variety of ideas on what material to include and how to
present it, a substantial number of the physics faculty were encouraged to offer
their ideas in the form of topical outlines for a revised course. Several of these
were presented and were thoroughly and critically discussed. It was agreed almost
at once that a basic revision of the course could not be accomplished either by
merely adopting a different textbook, or even by writing one ab initio, but that
the new course should be centered about a set of lectures, to be presented at the
rate of two or three per week; the appropriate text material would then be produced
as a secondary operation as the course developed, and suitable laboratory experi-
ments would also be arranged to fit the lecture material. Accordingly, a rough
outline of the course was established, but this was recognized as being incomplete,
tentative, and subject to considerable modification by whoever was to bear the
responsibility for actually preparing the lectures.

Concerning the mechanism by which the course would finally be brought to
life, several plans were considered. These plans were mostly rather similar, involv-
ing a cooperative effort by N staff members who would share the total burden
symmetrically and equally: each man would take responsibility for I/N of the
material, deliver the lectures, and write text material for his part. However, the
unavailability of sufficient staff, and the difficulty of maintaining a uniform point
of view because of differences in personality and philosophy of individual partici-
pants, made such plans seem unworkable.

The realization that we actually possessed the means to create not just a new
and different physics course, but possibly a unique one, came as a happy inspira-
tion to Professor Sands. He suggested that Professor R. P. Feynman prepare and
deliver the lectures, and that these be tape-recorded. When transcribed and edited,
they would then become the textbook for the new course. This is essentially the
plan that was adopted.

It was expected that the necessary editing would be minor, mainly consisting of
supplying figures, and checking punctuation and grammar; it was to be done by
one or two graduate students on a part-time basis. Unfortunately, this expectation
was short-lived. It was, in fact, a major editorial operation to transform the ver-
batim transcript into readable form, even without the reorganization or revision
of The subject matter that was sometimes required. Furthermore, it was not a
job for a technical editor or for a graduate student, but one that required the close
attention of a professional physicist for from ten to twenty hours per lecture!



The difficulty of the editorial task, together with the need to place the material
in the hands of the students as soon as possible, set a strict limit upon the amount
of "polishing" of the material that could be accomplished, and thus we were
forced to aim toward a preliminary but technically correct product that could be
used immediately, rather than one that might be considered final or finished.
Because of an urgent need for more copies for our students, and a heartening inter-
est on the part of instructors and students at several other institutions, we decided
to publish the material in its preliminary form rather than wait for a further major
revision which might never occur. We have no illusions as to the completeness,
smoothness, or logical organization of the material; in fact, we plan several minor
modifications in the course in the immediate future, and we hope that it will not
become static in form or content.

In addition to the lectures, which constitute a centrally important part of the
course, it was necessary also to provide suitable exercises to develop the students'
experience and ability, and suitable experiments to provide first-hand contact
with the lecture material in the laboratory. Neither of these aspects is in as ad-
vanced a state as the lecture material, but considerable progress has been made.
Some exercises were made up as the lectures progressed, and these were expanded
and amplified for use in the following year. However, because we are not yet
satisfied that the exercises provide sufficient variety and depth of application of
the lecture material to make the student fully aware of the tremendous power
being placed at his disposal, the exercises are published separately in a less perma-
nent form in order to encourage frequent revision.

A number of new experiments for the new course have been devised by Professor
H. V. Neher. Among these are several which utilize the extremely low friction
exhibited by a gas bearing: a novel linear air trough, with which quantitative
measurements of one-dimensional motion, impacts, and harmonic motion can be
made, and an air-supported, air-driven Maxwell top, with which accelerated rota-
tional motion and gyroscopic precession and nutation can be studied. The develop-
ment of new laboratory experiments is expected to continue for a considerable
period of time.

The revision program was under the direction of Professors R. B. Leighton,
H. V. Neher, and M. Sands. Officially participating in the program were Professors
R. P. Feynman, G. Neugebauer, R. M. Sutton, H. P. Stabler,* F. Strong, and
R. Vogt, from the division of Physics, Mathematics and Astronomy, and Professors
T. Caughey, M. Plesset, and C. H. Wilts from the division of Engineering Science.
The valuable assistance of all those contributing to the revision program is grate-
fully acknowledged. We are particularly indebted to the Ford Foundation, without
whose financial assistance this program could not have been carried out.

ROBERT B. LEIGHTON
July, 1963

*1961-62, while on leave from Williams College, Williamstown, Mass.
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Atoms in Motion

1-1 Introduction

This two-year course in physics is presented from the point of view that you,
the reader, are going to be a physicist. This is not necessarily the case of course,
but that is what every professor in every subject assumes! If you are going to
be a physicist, you will have a lot to study: two hundred years of the most rapidly
developing field of knowledge that there is. So much knowledge, in fact, that
you might think that you cannot learn all of it in four years, and truly you cannot;
you will have to go to graduate school too!

Surprisingly enough, in spite of the tremendous amount of work that has been
done for all this time it is possible to condense the enormous mass of results to
a large extent—that is, to find laws which summarize all our knowledge. Even
so, the laws are so hard to grasp that it is unfair to you to start exploring this
tremendous subject without some kind of map or outline of the relationship of
one part of the subject of science to another. Following these preliminary remarks,
the first three chapters will therefore outline the relation of physics to the rest
of the sciences, the relations of the sciences to each other, and the meaning of
science, to help us develop a "feel" for the subject.

You might ask why we cannot teach physics by just giving the basic laws on
page one and then showing how they work in all possible circumstances, as we do
in Euclidean geometry, where we state the axioms and then make all sorts of de-
ductions. (So, not satisfied to learn physics in four years, you want to learn it in
four minutes?) We cannot do it in this way for two reasons. First, we do not yet
know all the basic laws: there is an expanding frontier of ignorance. Second, the
correct statement of the laws of physics involves some very unfamiliar ideas
which require advanced mathematics for their description. Therefore, one needs
a considerable amount of preparatory training even to learn what the words
mean. No, it is not possible to do it that way. We can only do it piece by piece.

Each piece, or part, of the whole of nature is always merely an approximation
to the complete truth, or the complete truth so far as we know it. In fact, every-
thing we know is only some kind of approximation, because we know that we do
not know all the laws as yet. Therefore, things must be learned only to be unlearned
again or, more likely, to be corrected.

The principle of science, the definition, almost, is the following: The test of
all knowledge is experiment. Experiment is the sole judge of scientific "truth."
But what is the source of knowledge? Where do the laws that are to be tested
come from? Experiment, itself, helps to produce these laws, in the sense that it
gives us hints. But also needed is imagination to create from these hints the great
generalizations—to guess at the wonderful, simple, but very strange patterns be-
neath them all, and then to experiment to check again whether we have made the
right guess. This imagining process is so difficult that there is a division of labor
in physics: there are theoretical physicists who imagine, deduce, and guess at new
laws, but do not experiment; and then there are experimental physicists who ex-
periment, imagine, deduce, and guess.

We said that the laws of nature are approximate: that we first find the "wrong"
ones, and then we find the "right" ones. Now, how can an experiment be "wrong" ?
First, in a trivial way: if something is wrong with the apparatus that you did not
notice. But these things are easily fixed, and checked back and forth. So without
snatching at such minor things, how can the results of an experiment be wrong?
Only by being inaccurate. For example, the mass of an object never seems to
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Figure 1-1

change; a spinning top has the same weight as a still one. So a "law" was in-
vented: mass is constant, independent of speed. That "law" is now found to be
incorrect. Mass is found to increase with velocity, but appreciable increases require
velocities near that of light. A frue law is: if an object moves with a speed of
less than one hundred miles a second the mass is constant to within one part in
a million. In some such approximate form this is a correct law. So in practice
one might think that the new law makes no significant difference. Well, yes and
no. For ordinary speeds we can certainly forget it and use the simple constant-
mass law as a good approximation. But for high speeds we are wrong, and the
higher the speed, the more wrong we are.

Finally, and most interesting, philosophically we are completely wrong with
the approximate law. Our entire picture of the world has to be altered even though
the mass changes only by a little bit. This is a very peculiar thing about the
philosophy, or the ideas, behind the laws. Even a very small effect sometimes
requires profound changes in our ideas.

Now, what should we teach first? Should we teach the correct but unfamiliar
law with its strange and difficult conceptual ideas, for example the theory of
relativity, four-dimensional space-time, and so on? Or should we first teach the
simple "constant-mass" law, which is only approximate, but does not involve such
difficult ideas? The first is more exciting, more wonderful, and more fun, but the
second is easier to get at first, and is a first step to a real understanding of the
second idea. This point arises again and again in teaching physics. At different
times we shall have to resolve it in different ways, but at each stage it is worth
learning what is now known, how accurate it is, how it fits into everything else,
and how it may be changed when we learn more.

Let us now proceed with our outline, or general map, of our understanding
of science today (in particular, physics, but also of other sciences on the periphery),
so that when we later concentrate on some particular point we will have some idea
of the background, why that particular point is interesting, and how it fits into
the big structure. So, what is our over-all picture of the world?

1-2 Matter is made of atoms

If, in some cataclysm, all of scientific knowledge were to be destroyed, and only
one sentence passed on to the next generations of creatures, what statement would
contain the most information in the fewest words? I believe it is the atomic
hypothesis (or the atomic fact, or whatever you wish to call it) that all things are
made of atoms—little particles that move around in perpetual motion, attracting
each other when they are a little distance apart, but repelling upon being squeezed
into one another. In that one sentence, you will see, there is an enormous amount
of information about the world, if just a little imagination and thinking are applied.

To illustrate the power of the atomic idea, suppose that we have a drop of
water a quarter of an inch on the side. If we look at it very closely we see nothing
but water—smooth, continuous water. Even if we magnify it with the best optical
microscope available—roughly two thousand times—then the water drop will be
roughly forty feet across, about as big as a large room, and if we looked rather
closely, we would still see relatively smooth water—but here and there small
football-shaped things swimming back and forth. Very interesting. These are

paramecia. You may stop at this point and get so curious about the paramecia
with their wiggling cilia and twisting bodies that you go no further, except per-
haps to magnify the paramecia still more and see inside. This, of course, is a subject
for biology, but for the present we pass on and look still more closely at the water
material itself, magnifying it two thousand times again. Now the drop of water
extends about fifteen miles across, and if we look very closely at it we see a kind
of teeming, something which no longer has a smooth appearance—it looks some-
thing like a crowd at a football game as seen from a very great distance. In order
to see what this teeming is about, we will magnify it another two hundred and
fifty times and we will see something similar to what is shown in Fig. 1-1. This
is a picture of water magnified a billion times, but idealized in several ways.
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In the first place, the particles are drawn in a simple manner with sharp edges,
which is inaccurate. Secondly, for simplicity, they are sketched almost schemati-
cally in a two-dimensional arrangement, but of course they are moving around in
three dimensions. Notice that there are two kinds of "blobs" or circles to represent
the atoms of oxygen (black) and hydrogen (white), and that each oxygen has two
hydrogens tied to it. (Each little group of an oxygen with its two hydrogens is
called a molecule.) The picture is idealized further in that the real particles in
nature are continually jiggling and bouncing, turning and twisting around one
another. You will have to imagine this as a dynamic rather than a static picture.
Another thing that cannot be illustrated in a drawing is the fact that the particles
are "stuck together"—that they attract each other, this one pulled by that one,
etc. The whole group is "glued together," so to speak. On the other hand, the
particles do not squeeze through each other. If you try to squeeze two of them too
close together, they repel.

The atoms are 1 or 2 X 10°cm in radius. Now 10® cm is called an
angstrom (just as another name), so we say they are 1 or 2 angstroms (A) in radius.
Another way to remember their size is this: if an apple is magnified to the size
of the earth, then the atoms in the apple are approximately the size of the original
apple.

Now imagine this great drop of water with all of these jiggling particles stuck
together and tagging along with each other. The water keeps its volume; it does
not fall apart, because of the attraction of the molecules for each other. If the
drop is on a slope, where it can move from one place to another, the water will
flow, but it does not just disappear—things do not just fly apart—because of
the molecular attraction. Now the jiggling motion is what we represent as heat:
when we increase the temperature, we increase the motion. If we heat the water,
the jiggling increases and the volume between the atoms increases, and if the
heating continues there comes a time when the pull between the molecules is not
enough to hold them together and they do fly apart and become separated from
one another. Of course, this is how we manufacture steam out of water—by
increasing the temperature; the particles fly apart because of the increased motion.

In Fig. 12 we have a picture of steam. This picture of steam fails in one
respect: at ordinary atmospheric pressure there might be only a few molecules in
a whole room, and there certainly would not be as many as three in this figure.
Most squares this size would contain none—but we accidentally have two and a
half or three in the picture (just so it would not be completely blank). Now in
the case of steam we see the characteristic molecules more clearly than in the case
of water. For simplicity, the molecules are drawn so that there is a 120° angle
between them. In actual fact the angle is 105°3', and the distance between the
center of a hydrogen and the center of the oxygen is 0.957 A, so we know this
molecule very well.

Let us see what some of the properties of steam vapor or any other gas are.
The molecules, being separated from one another, will bounce against the walls.
Imagine a room with a number of tennis balls (a hundred or so) bouncing around
in perpetual motion. When they bombard the wall, this pushes the wall away.
(Of course we would have to push the wall back.) This means that the gas exerts
a jittery force which our coarse senses (not being ourselves magnified a billion
times) feels only as an average push. In order to confine a gas we must apply a
pressure. Figure 1-3 shows a standard vessel for holding gases (used in all
textbooks), a cylinder with a piston in it. Now, it makes no difference what the
shapes of water molecules are, so for simplicity we shall draw them as tennis
balls or little dots. These things are in perpetual motion in all directions. So many
of them are hitting the top piston all the time that to keep it from being patiently
knocked out of the tank by this continuous banging, we shall have to hold the
piston down by a certain force, which we call the pressure (really, the pressure
times the area is the force). Clearly, the force is proportional to the area, for if
we increase the area but keep the number of molecules per cubic centimeter the
same, we increase the number of collisions with the piston in the same proportion
as the area was increased.
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Now let us put twice as many molecules in this tank, so as to double the den-
sity, and let them have the same speed, i.e., the same temperature. Then, to a
close approximation, the number of collisions will be doubled, and since each will
be just as "energetic" as before, the pressure is proportional to the density. If we
consider the true nature of the forces between the atoms, we would expect a slight
decrease in pressure because of the attraction between the atoms, and a slight
increase because of the finite volume they occupy. Nevertheless, to an excellent
approximation, if the density is low enough that there are not many atoms, the
pressure is proportional to the density.

We can also see something else: If we increase the temperature without
changing the density of the gas, i.e., if we increase the speed of the atoms, what
is going to happen to the pressure? Well, the atoms hit harder because they are
moving faster, and in addition they hit more often, so the pressure increases.
You see how simple the ideas of atomic theory are.

Let us consider another situation. Suppose that the piston moves inward,
so that the atoms are slowly compressed into a smaller space. What happens when
an atom hits the moving piston? Evidently it picks up speed from the collision.
You can try it by bouncing a ping-pong ball from a forward-moving paddle, for
example, and you will find that it comes off with more speed than that with which
it struck. (Special example: if an atom happens to be standing still and the piston
hits it, it will certainly move.) So the atoms are "hotter" when they come away
from the piston than they were before they struck it. Therefore all the atoms which
are in the vessel will have picked up speed. This means that when we compress
a gas slowly, the temperature of the gas increases. So, under slow compression,
a gas will increase in temperature, and under slow expansion it will decrease in
temperature.

We now return to our drop of water and look in another direction. Suppose
that we decrease the temperature of our drop of water. Suppose that the jiggling
of the molecules of the atoms in the water is steadily decreasing. We know that
there are forces of attraction between the atoms, so that after a while they will
not be able to jiggle so well. What will happen at very low temperatures is in-
dicated in Fig. 1-4: the molecules lock into a new pattern which is ice. This
particular schematic diagram of ice is wrong because it is in two dimensions, but
it is right qualitatively. The interesting point is that the material has a definite
place for every atom, and you can easily appreciate that if somehow or other we
were to hold all the atoms at one end of the drop in a certain arrangement, each
atom in a certain place, then because of the structure of interconnections, which is
rigid, the other end miles away (at our magnified scale) will have a definite location.
So if we hold a needle of ice at one end, the other end resists our pushing it aside,
unlike the case of water, in which the structure is broken down because of the
increased jiggling so that the atoms all move around in different ways. The differ-
ence between solids and liquids is, then, that in a solid the atoms are arranged in
some kind of an array, called a crystalline array, and they do not have a random
position at long distances; the position of the atoms on one side of the crystal
is determined by that of other atoms millions of atoms away on the other side of
the crystal. Figure 14 is an invented arrangement for ice, and although it con-
tains many of the correct features of ice, it is not the true arrangement. One of the
correct features is that there is a part of the symmetry that is hexagonal. You can
see that if we turn the picture around an axis by 120°, the picture returns to itself.
So there is a symmetry in the ice which accounts for the six-sided appearance of
snowflakes. Another thing we can see from Fig. 14 is why ice shrinks when it
melts. The particular crystal pattern of ice shown here has many "holes" in it,
as does the true ice structure. When the organization breaks down, these holes
can be occupied by molecules. Most simple substances, with the exception of
water and type metal, expand upon melting, because the atoms are closely packed
in the solid crystal and upon melting need more room to jiggle around, but an
open structure collapses, as in the case of water.

Now although ice has a "rigid" crystalline form, its temperature can change —
ice has heat. If we wish, we can change the amount of heat. What is the heat in
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the case of ice? The atoms are not standing still. They are jiggling and vibrating.
So even though there is a definite order to the crystal—a definite structure—all
of the atoms are vibrating "in place." As we increase the temperature, they vibrate
with greater and greater amplitude, until they shake themselves out of place.
We call this melting. As we decrease the temperature, the vibration decreases
and decreases until, at absolute zero, there is a minimum amount of vibration
that the atoms can have, but not zero. This minimum amount of motion that atoms
can have is not enough to melt a substance, with one exception: helium. Helium
merely decreases the atomic motions as much as it can, but even at absolute zero
there is still enough motion to keep it from freezing. Helium, even at absolute
zero, does not freeze, unless the pressure is made so great as to make the atoms
squash together. If we increase the pressure, we can make it solidify.

1-3 Atomic processes

So much for the description of solids, liquids, and gases from the atomic
point of view. However, the atomic hypothesis also describes processes, and so we
shall now look at a number of processes from an atomic standpoint. The first
process that we shall look at is associated with the surface of the water. What
happens at the surface of the water? We shall now make the picture more com-
plicated—and more realistic—by imagining that the surface is in air. Figure 1-5
shows the surface of water in air. We see the water molecules as before, forming
a body of liquid water, but now we also see the surface of the water. Above the
surface we find a number of things: First of all there are water molecules, as in steam.
This is water vapor, which is always found above liquid water. (There is an
equilibrium between the steam vapor and the water which will be described later.)
In addition we find some other molecules—here two oxygen atoms stuck together
by themselves, forming an oxygen molecule, there two nitrogen atoms also stuck
together to make a nitrogen molecule. Air consists almost entirely of nitrogen,
oxygen, some water vapor, and lesser amounts of carbon dioxide, argon, and
other things. So above the water surface is the air, a gas, containing some water
vapor. Now what is happening in this picture? The molecules in the water are
always jiggling around. From time to time, one on the surface happens to be hit
a little harder than usual, and gets knocked away. It is hard to see that happening
in the picture because it is a still picture. But we can imagine that one molecule
near the surface has just been hit and is flying out, or perhaps another one has
been hit and is flying out. Thus, molecule by molecule, the water disappears—
it evaporates. But if we close the vessel above, after a while we shall find a large
number of molecules of water amongst the air molecules. From time to time, one
of these vapor molecules comes flying down to the water and gets stuck again.
So we see that what looks like a dead, uninteresting thing—a glass of water with
a cover, that has been sitting there for perhaps twenty years—really contains a
dynamic and interesting phenomenon which is going on all the time. To our eyes,
our crude eyes, nothing is changing, but if we could see it a billion times magni-
fied, we would see that from its own point of view it is always changing: molecules
are leaving the surface, molecules are coming back.

Why do we see no change? Because just as many molecules are leaving as
are coming back! In the long run "nothing happens." If we then take the top of
the vessel off and blow the moist air away, replacing it with dry air, then the
number of molecules leaving is just the same as it was before, because this depends
on the jiggling of the water, but the number coming back is greatly reduced be-
cause there are so many fewer water molecules above the water. Therefore there
are more going out than coming in, and the water evaporates. Hence, if you wish
to evaporate water turn on the fan!

Here is something else: Which molecules leave? When a molecule leaves it
is due to an accidental, extra accumulation of a little bit more than ordinary
energy, which it needs if it is to break away from the attractions of its neighbors.
Therefore, since those that leave have more energy than the average, the ones that
are left have less average motion than they had before. So the liquid gradually
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cools if it evaporates. Of course, when a molecule of vapor comes from the air to
the water below there is a sudden great attraction as the molecule approaches
the surface. This speeds up the incoming molecule and results in generation of
heat. So when they leave they take away heat; when they come back they generate
heat. Of course when there is no net evaporation the result is nothing —the water
is not changing temperature. If we blow on the water so as to maintain a continuous
preponderance in the number evaporating, then the water is cooled. Hence,
blow on soup to cool it!

Of course you should realize that the processes just described are more com-
plicated than we have indicated. Not only does the water go into the air, but also,
from time to time, one of the oxygen or nitrogen molecules will come in and "get
lost" in the mass of water molecules, and work its way into the water. Thus the
air dissolves in the water; oxygen and nitrogen molecules will work their way into
the water and the water will contain air. If we suddenly take the air away from the
vessel, then the air molecules will leave more rapidly than they come in, and in
doing so will make bubbles. This is very bad for divers, as you may know.

Now we go on to another process. In Fig. 1-6 we see, from an atomic point
of view, a solid dissolving in water. If we put a crystal of salt in the water, what
will happen? Salt is a solid, a crystal, an organized arrangement of "salt atoms."
Figure 1-7 is an illustration of the three-dimensional structure of common salt,
sodium chloride. Strictly speaking, the crystal is not made of atoms, but of what
we call ions. An ion is an atom which either has a few extra electrons or has lost
a few electrons. In a salt crystal we find chlorine ions (chlorine atoms with an
extra electron) and sodium ions (sodium atoms with one electron missing). The
ions all stick together by electrical attraction in the solid salt, but when we put
them in the water we find, because of the attractions of the negative oxygen and
positive hydrogen for the ions, that some of the ions jiggle loose. In Fig. 1-6
we see a chlorine ion getting loose, and other atoms floating in the water in the form
of ions. This picture was made with some care. Notice, for example, that the
hydrogen ends of the water molecules are more likely to be near the chlorine ion,
while near the sodium ion we are more likely to find the oxygen end, because the
sodium is positive and the oxygen end of the water is negative, and they attract
electrically. Can we tell from this picture whether the salt is dissolving in water or
crystallizing out of water? Of course we cannot tell, because while some of the
atoms are leaving the crystal other atoms are rejoining it. The process is a dynamic
one, just as in the case of evaporation, and it depends on whether there is more or
less salt in the water than the amount needed for equilibrium. By equilibrium we
mean that situation in which the rate at which atoms are leaving just matches the
rate at which they are coming back. If there is almost no salt in the water, more
atoms leave than return, and the salt dissolves. If, on the other hand, there are
too many "salt atoms," more return than leave, and the salt is crystallizing.

In passing, we mention that the concept of a molecule of a substance is only
approximate and exists only for a certain class of substances. It is clear in the
case of water that the three atoms are actually stuck together. It is not so clear
in the case of sodium chloride in the solid. There is just an arrangement of sodium
and chlorine ions in a cubic pattern. There is no natural way to group them as
"molecules of salt."

Returning to our discussion of solution and precipitation, if we increase the
temperature of the salt solution, then the rate at which atoms are taken away is
increased, and so is the rate at which atoms are brought back. It turns out to be
very difficult, in general, to predict which way it is going to go, whether more or
less of the solid will dissolve. Most substances dissolve more, but some substances
dissolve less, as the temperature increases.

14 Chemical reactions

In all of the processes which have been described so far, the atoms and the
ions have not changed partners, but of course there are circumstances in which
the atoms do change combinations, forming new molecules. This is illustrated in
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Fig. 1-8. A process in which the rearrangement of the atomic partners occurs is
what we call a chemical reaction. The other processes so far described are called
physical processes, but there is no sharp distinction between the two. (Nature
does not care what we call it, she just keeps on doing it.) This figure is supposed
to represent carbon burning in oxygen. In the case of oxygen, two oxygen atoms
stick together very strongly. (Why do not three or evenfour stick together? That
is one of the very peculiar characteristics of such atomic processes. Atoms are
very special: they like certain particular partners, certain particular directions, and
so on. It is the job of physics to analyze why each one wants what it wants. At
any rate, two oxygen atoms form, saturated and happy, a molecule.)

The carbon atoms are supposed to be in a solid crystal (which could be graphite
or diamond*). Now, for example, one of the oxygen molecules can come over to
the carbon, and each atom can pick up a carbon atom and go flying off in a new
combination— "carbon-oxygen" —which is a molecule of the gas called carbon
monoxide. It is given the chemical name CO. It is very simple: the letters "CO"
are practically a picture of that molecule. But carbon attracts oxygen much more
than oxygen attracts oxygen or carbon attracts carbon. Therefore in this process
the oxygen may arrive with only a little energy, but the oxygen and carbon will
snap together with a tremendous vengeance and commotion, and everything near
them will pick up the energy. A large amount of motion energy, kinetic energy,
is thus generated. This of course is burning; we are getting heat from the com-
bination of oxygen and carbon. The heat is ordinarily in the form of the molecular
motion of the hot gas, but in certain circumstances it can be so enormous that it
generates light. That is how one gets flames.

In addition, the carbon monoxide is not quite satisfied. It is possible for it
to attach another oxygen, so that we might have a much more complicated reac-
tion in which the oxygen is combining with the carbon, while at the same time there
happens to be a collision with a carbon monoxide molecule. One oxygen atom
could attach itself to the CO and ultimately form a molecule, composed of one
carbon and two oxygens, which is designated CO, and called carbon dioxide.
If we burn the carbon with very little oxygen in a very rapid reaction (for example,
in an automobile engine, where the explosion is so fast that there is not time for
it to make carbon dioxide) a considerable amount of carbon monoxide is formed.
In many such rearrangements, a very large amount of energy is released, forming
explosions, flames, etc., depending on the reactions. Chemists have studied these
arrangements of the atoms, and found that every substance is some type of arrange-
ment of atoms.

To illustrate this idea, let us consider another example. If we go into a field
of small violets, we know what "that smell" is. It is some kind of molecule, or
arrangement of atoms, that has worked its way into our noses. First of all, how
did it work its way in? That is rather easy. If the smell is some kind of molecule
in the air, jiggling around and being knocked every which way, it might have
accidentally worked its way into the nose. Certainly it has no particular desire to
get into our nose. It is merely one helpless part of a jostling crowd of molecules,
and in its aimless wanderings this particular chunk of matter happens to find
itself in the nose.

Now chemists can take special molecules like the odor of violets, and analyze
them and tell us the exact arrangement of the atoms in space. We know that the
carbon dioxide molecule is straight and symmetrical: O—C—O. (That can be deter-
mined easily, too, by physical methods.) However, even for the vastly more com-
plicated arrangements of atoms that there are in chemistry, one can, by a long,
remarkable process of detective work, find the arrangements of the atoms. Figure
19 is a picture of the air in the neighborhood of a violet; again we find nitrogen
and oxygen in the air, and water vapor. (Why is there water vapor? Because the
violet is wet. All plants transpire.) However, we also see a "monster" composed
of carbon atoms, hydrogen atoms, and oxygen atoms, which have picked a certain
particular pattern in which to be arranged. It is a much more complicated arrange-

*One can burn a diamond in air.
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ment than that of carbon dioxide; in fact, it is an enormously complicated arrange-
ment. Unfortunately, we cannot picture all that is really known about it chemically,
because the precise arrangement of all the atoms is actually known in three
dimensions, while our picture is in only two dimensions. The six carbons which
form a ring do not form a flat ring, but a kind of "puckered" ring. All of the
angles and distances are known. So a chemical formula is merely a picture of such
a molecule. When the chemist writes such a thing on the blackboard, he is trying
to "draw," roughly speaking, in two dimensions. For example, we see a "ring"
of six carbons, and a "chain" of carbons hanging on the end, with an oxygen
second from the end, three hydrogens tied to that carbon, two carbons and three
hydrogens sticking up here, etc.

How does the chemist find what the arrangement is? He mixes bottles full
of stuff together, and if it turns red, it tells him that it consists of one hydrogen and
two carbons tied on here; if it turns blue, on the other hand, that is not the way
it is at all. This is one of the most fantastic pieces of detective work that has ever
been done—organic chemistry. To discover the arrangement of the atoms in these
enormously complicated arrays the chemist looks at what happens when he mixes
two different substances together. The physicist could never quite believe that the
chemist knew what he was talking about when he described the arrangement of
the atoms. For about twenty years it has been possible, in some cases, to look at
such molecules (not quite as complicated as this one, but some which contain
parts of it) by a physical method, and it has been possible to locate every atom,
not by looking at colors, but by measuring where they are. And lo and behold!,
the chemists are almost always correct.

It turns out, in fact, that in the odor of violets there are three slightly different
molecules, which differ only in the arrangement of the hydrogen atoms.

One problem of chemistry is to name a substance, so that we will know what
it is. Find a name for this shape! Not only must the name tell the shape, but it
must also tell that here is an oxygen atom, there a hydrogen—exactly what and
where each atom is. So we can appreciate that the chemical names must be com-
plex in order to be complete. You see that the name of this thing in the more com-
plete form that will tell you the structure of it is 4-(2, 2, 3, 6 tetramethyl-5-
cyclohexanyl)-3-buten-2-one, and that tells you that this is the arrangement. We
can appreciate the difficulties that the chemists have, and also appreciate the reason
for such long names. It is not that they wish to be obscure, but they have an
extremely difficult problem in trying to describe the molecules in words!

How do we know that there are atoms? By one of the tricks mentioned earlier:
we make the hypothesis that there are atoms, and one after the other results come
out the way we predict, as they ought to if things are made of atoms. There is
also somewhat more direct evidence, a good example of which is the following:
The atoms are so small that you cannot see them with a light microscope—in
fact, not even with an electron microscope. (With a light microscope you can only
see things which are much bigger.) Now if the atoms are always in motion, say in
water, and we put a big ball of something in the water, a ball much bigger than the
atoms, the ball will jiggle around—much as in a push ball game, where a great
big ball is pushed around by a lot of people. The people are pushing in various
directions, and the ball moves around the field in an irregular fashion. So, in the
same way, the "large ball" will move because of the inequalities of the collisions
on one side to the other, from one moment to the next. Therefore, if we look at
very tiny particles (colloids) in water through an excellent microscope, we see
a perpetual jiggling of the particles, which is the result of the bombardment of the
atoms. This is called the Brownian motion.

We can see further evidence for atoms in the structure of crystals. In many
cases the structures deduced by x-ray analysis agree in their spatial "shapes" with
the forms actually exhibited by crystals as they occur in nature. The angles be-
tween the various "faces" of a crystal agree, within seconds of arc, with angles
deduced on the assumption that a crystal is made of many "layers" of atoms.

Everything is made of atoms. That is the key hypothesis. The most important
hypothesis in all of biology, for example, is that everything that animals do, atoms
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do. In other words, there is nothing that living things do that cannot be understood
from the point of view that they are made of atoms acting according to the laws
of physics. This was not known from the beginning: it took some experimenting
and theorizing to suggest this hypothesis, but now it is accepted, and it is the most
useful theory for producing new ideas in the field of biology.

If a piece of steel or a piece of salt, consisting of atoms one next to the other,
can have such interesting properties; if water—which is nothing but these little
blobs, mile upon mile of the same thing over the earth—can form waves and foam,
and make rushing noises and strange patterns as it runs over cement; if all of
this, all the life of a stream of water, can be nothing but a pile of atoms, how much
more is possible? 1If instead of arranging the atoms in some definite pattern,
again and again repeated, on and on, or even forming little lumps of complexity
like the odor of violets, we make an arrangement which is always different from
place to place, with different kinds of atoms arranged in many ways, continually
changing, not repeating, how much more marvelously is it possible that this thing
might behave? Is it possible that that "thing" walking back and forth in front of
you, talking to you, is a great glob of these atoms in a very complex arrangement,
such that the sheer complexity of it staggers the imagination as to what it can do?
When we say we are a pile of atoms, we do not mean we are merely a pile of atoms,
because a pile of atoms which is not repeated from one to the other might well
have the possibilities which you see before you in the mirror.



2

Basic Physics

2-1 Introduction

In this chapter, we shall examine the most fundamental ideas that we have
about physics—the nature of things as we see them at the present time. We shall
not discuss the history of how we know that all these ideas are true; you will
learn these details in due time.

The things with which we concern ourselves in science appear in myriad forms,
and with a multitude of attributes. For example, if we stand on the shore and look
at the sea, we see the water, the waves breaking, the foam, the sloshing motion
of the water, the sound, the air, the winds and the clouds, the sun and the blue
sky, and light; there is sand and there are rocks of various hardness and perma-
nence, color and texture. There are animals and seaweed, hunger and disease, and
the observer on the beach; there may be even happiness and thought. Any other
spot in nature has a similar variety of things and influences. It is always as com-
plicated as that, no matter where it is. Curiosity demands that we ask questions,
that we try to put things together and try to understand this multitude of aspects
as perhaps resulting from the action of a relatively small number of elemental
things and forces acting in an infinite variety of combinations.

For example: Is the sand other than the rocks? That is, is the sand perhaps
nothing but a great number of very tiny stones? Is the moon a great rock? If we
understood rocks, would we also understand the sand and the moon? Is the wind
a sloshing of the air analogous to the sloshing motion of the water in the sea?
What common features do different movements have? What is common to dif-
ferent kinds of sound? How many different colors are there? And so on. In this
way we try gradually to analyze all things, to put together things which at first
sight look different, with the hope that we may be able to reduce the number of
different things and thereby understand them better.

A few hundred years ago, a method was devised to find partial answers to
such questions. Observation, reason, and experiment make up what we call the
scientific method. We shall have to limit ourselves to a bare description of our
basic view of what is sometimes called fundamental physics, or fundamental ideas
which have arisen from the application of the scientific method.

What do we mean by "understanding" something? We can imagine that this
complicated array of moving things which constitutes "the world" is something
like a great chess game being played by the gods, and we are observers of the game.
We do not know what the rules of the game are; all we are allowed to do is to
watch the playing. Of course, if we watch long enough, we may eventually catch
on to a few of the rules. The rules of the game are what we mean by fundamental
physics. Even if we knew every rule, however, we might not be able to under-
stand why a particular move is made in the game, merely because it is too com-
plicated and our minds are limited. If you play chess you must know that it is
easy to learn all the rules, and yet it is often very hard to select the best move or
to understand why a player moves as he does. So it is in nature, only much more
so; but we may be able at least to find all the rules. Actually, we do not have all
the rules now. (Every once in a while something like castling is going on that we
still do not understand.) Aside from not knowing all of the rules, what we really
can explain in terms of those rules is very limited, because almost all situations are
so enormously complicated that we cannot follow the plays of the game using the
rules, much less tell what is going to happen next. We must, therefore, limit our-
selves to the more basic question of the rules of the game. If we know the rules,
we consider that we "understand" the world.
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How can we tell whether the rules which we "guess" at are really right if we
cannot analyze the game very well? There are, roughly speaking, three ways. First,
there may be situations where nature has arranged, or we arrange nature, to be
simple and to have so few parts that we can predict exactly what will happen,
and thus we can check how our rules work. (In one corner of the board there may
be only a few chess pieces at work, and that we can figure out exactly.)

A second good way to check rules is in terms of less specific rules derived
from them. For example, the rule on the move of a bishop on a chessboard is
that it moves only on the diagonal. One can deduce, no matter how many moves
may be made, that a certain bishop will always be on a red square. So, without
being able to follow the details, we can always check our idea about the bishop's
motion by finding out whether it is always on a red square. Of course it will be,
for a long time, until all of a sudden we find that it is on a black square (what
happened of course, is that in the meantime it was captured, another pawn crossed
for queening, and it turned into a bishop on a black square). That is the way it is
in physics. For a long time we will have a rule that works excellently in an over-all
way, even when we cannot follow the details, and then some time we may discover
anew rule. From the point of view of basic physics, the most interesting phenomena
are of course in the new places, the places where the rules do not work—not the
places where they do work! That is the way in which we discover new rules.

The third way to tell whether our ideas are right is relatively crude but prob-
ably the most powerful of them all. That is, by rough approximation. While we
may not be able to tell why Alekhine moves this particular piece, perhaps we can
roughly understand that he is gathering his pieces around the king to protect it,
more or less, since that is the sensible thing to do in the circumstances. In the
same way, we can often understand nature, more or less, without being able to see
what every little piece is doing, in terms of our understanding of the game.

At first the phenomena of nature were roughly divided into classes, like heat,
electricity, mechanics, magnetism, properties of substances, chemical phenomena,
light or optics, x-rays, nuclear physics, gravitation, meson phenomena, etc. How-
ever, the aim is to see complete nature as different aspects of one set of phenomena.
That is the problem in basic theoretical physics, today—to find the laws behind
experiment; to amalgamate these classes. Historically, we have always been able
to amalgamate them, but as time goes on new things are found. We were amalga-
mating very well, when all of a sudden x-rays were found. Then we amalgamated
some more, and mesons were found. Therefore, at any stage of the game, it always
looks rather messy. A great deal is amalgamated, but there are always many wires
or threads hanging out in all directions. That is the situation today, which we shall
try to describe.

Some historic examples of amalgamation are the following. First, take heat
and mechanics. When atoms are in motion, the more motion, the more heat the
system contains, and so heat and all temperature effects can be represented by the
laws of mechanics. Another tremendous amalgamation was the discovery of the
relation between electricity, magnetism, and light, which were found to be dif-
ferent aspects of the same thing, which we call today the electromagnetic field.
Another amalgamation is the unification of chemical phenomena, the various
properties of various substances, and the behavior of atomic particles, which is in
the quantum mechanics of chemistry.

The question is, of course, is it going to be possible to amalgamate everything,
and merely discover that this world represents different aspects of one thing?
Nobody knows. All we know is that as we go along, we find that we can amalga-
mate pieces, and then we find some pieces that do not fit, and we keep trying to
put the jigsaw puzzle together. Whether there are a finite number of pieces, and
whether there is even a border to the puzzle, is of course unknown. It will never
be known until we finish the picture, if ever. What we wish to do here is to see to
what extent this amalgamation process has gone on, and what the situation is at
present, in understanding basic phenomena in terms of the smallest set of principles.
To express it in a simple manner, what are things made of and how few elements
are there ?

2-2



2-2 Physics before 1920

It is a little difficult to begin at once with the present view, so we shall first
see how things looked in about 1920 and then take a few things out of that picture.
Before 1920, our world picture was something like this: The "stage" on which
the universe goes is the three-dimensional space of geometry, as described by
Euclid, and things change in a medium called #ime. The elements on the stage are
particles, for example the atoms, which have some properties. First, the property
of inertia: if a particle is moving it keeps on going in the same direction unless
forces act upon it. The second element, then, is forces, which were then thought
to be of two varieties: First, an enormously complicated, detailed kind of inter-
action force which held the various atoms in different combinations in a com-
plicated way, which determined whether salt would dissolve faster or slower when
we raise the temperature. The other force that was known was a long-range
interaction—a smooth and quiet attraction—which varied inversely as the square
of the distance, and was called gravitation. This law was known and was very
simple. Why things remain in motion when they are moving, or why there is a
law of gravitation was, of course, not known.

A description of nature is what we are concerned with here. From this point
of view, then, a gas, and indeed all matter, is a myriad of moving particles. Thus
many of the things we saw while standing at the seashore can immediately be
connected. First the pressure: this comes from the collisions of the atoms with
the walls or whatever; the drift of the atoms, if they are all moving in one direc-
tion on the average, is wind; the random internal motions are the heat. There are
waves of excess density, where too many particles have collected, and so as they
Tush off they push up piles of particles farther out, and so on. This wave of excess
density is sound. It is a tremendous achievement to be able to understand so much.
Some of these things were described in the previous chapter.

What kinds of particles are there? There were considered to be 92 at that time:
92 different kinds of atoms were ultimately discovered. They had different names
associated with their chemical properties.

The next part of the problem was, what are the short-range forces? Why
does carbon attract one oxygen or perhaps two oxygens, but not three oxygens?
What is the machinery of interaction between atoms? Is it gravitation? The answer
is no. Gravity is entirely too weak. But imagine a force analogous to gravity,
varying inversely with the square of the distance, but enormously more powerful
and having one difference. In gravity everything attracts everything else, but now
imagine that there are fwo kinds of "things," and that this new force (which is
the electrical force, of course) has the property that likes repel but unlikes attract.
The "thing" that carries this strong interaction is called charge.

Then what do we have? Suppose that we have two unlikes that attract each
other, a plus and a minus, and that they stick very close together. Suppose we
have another charge some distance away. Would it feel any attraction? It would
feel practically none, because if the first two are equal in size, the attraction for
the one and the repulsion for the other balance out. Therefore there is very little
force at any appreciable distance. On the other hand, if we get very close with the
extra charge, attraction arises, because the repulsion of likes and attraction of
unlikes will tend to bring unlikes closer together and push likes farther apart.
Then the repulsion will be less than the attraction. This is the reason why the atoms,
which are constituted out of plus and minus electric charges, feel very little force
when they are separated by appreciable distance (aside from gravity). When they
come close together, they can "see inside" each other and rearrange their charges,
with the result that they have a very strong interaction. The ultimate basis of
an interaction between the atoms is electrical. Since this force is so enormous, all
the plusses and all minuses will normally come together in as intimate a combina-
tion as they can. All things, even ourselves, are made of fine-grained, enormously
strongly interacting plus and minus parts, all neatly balanced out. Once in a while,
by accident, we may rub off a few minuses or a few plusses (usually it is easier
to rub off minuses), and in those circumstances we find the force of electricity
unbalanced, and we can then see the effects of these electrical attractions.
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To give an idea of how much stronger electricity is than gravitation, consider
two grains of sand, a millimeter across, thirty meters apart. If the force between
them were not balanced, if everything attracted everything else instead of likes
repelling, so that there were no cancellation, how much force would there be?
There would be a force of three million tons between the two! You see, there is
very, very little excess or deficit of the number of negative or positive charges
necessary to produce appreciable electrical effects. This is, of course, the reason
why you cannot see the difference between an electrically charged or uncharged
thing—so few particles are involved that they hardly make a difference in the weight
or size of an object.

With this picture the atoms were easier to understand. They were thought to
have a "nucleus" at the center, which is positively electrically charged and very
massive, and the nucleus is surrounded by a certain number of "electrons" which
are very light and negatively charged. Now we go a little ahead in our story to
remark that in the nucleus itself there were found two kinds of particles, protons
and neutrons, almost of the same weight and very heavy. The protons are elec-
trically charged and the neutrons are neutral. If we have an atom with six protons
inside its nucleus, and this is surrounded by six electrons (the negative particles in
the ordinary world of matter are all electrons, and these are very light compared
with the protons and neutrons which make nuclei), this would be atom number
six in the chemical table, and it is called carbon. Atom number eight is called
oxygen, etc., because the chemical properties depend upon the electrons on the
outside, and in fact only upon how many electrons there are. So the chemical
properties of a substance depend only on a number, the number of electrons. (The
whole list of elements of the chemists really could have been called 1, 2, 3, 4, 5,
etc. Instead of saying "carbon," we could say "element six," meaning six electrons,
but of course, when the elements were first discovered, it was not known that they
could be numbered that way, and secondly, it would make everything look rather
complicated. It is better to have names and symbols for these things, rather than
to call everything by number.)

More was discovered about the electrical force. The natural interpretation
of electrical interaction is that two objects simply attract each other: plus against
minus. However, this was discovered to be an inadequate idea to represent it.
A more adequate representation of the situation is to say that the existence of the
positive charge, in some sense, distorts, or creates a "condition" in space, so that
when we put the negative charge in, it feels a force. This potentiality for produc-
ing a force is called an electric field. When we put an electron in an electric field,
we say it is "pulled." We then have two rules: (a) charges make a field, and
(b) charges in fields have forces on them and move. The reason for this will be-
come clear when we discuss the following phenomena: If we were to charge a body,
say a comb, electrically, and then place a charged piece of paper at a distance and
move the comb back and forth, the paper will respond by always pointing to the
comb. If we shake it faster, it will be discovered that the paper is a little behind,
there is a delay in the action. (At the first stage, when we move the comb rather
slowly, we find a complication which is magnetism. Magnetic influences have to
do with charges in relative motion, so magnetic forces and electric forces can really
be attributed to one field, as two different aspects of exactly the same thing. A
changing electric field cannot exist without magnetism.) If we move the charged
paper farther out, the delay is greater. Then an interesting thing is observed.
Although the forces between two charged objects should go inversely as the
square of the distance, it is found, when we shake a charge, that the influence
extends very much farther out than we would guess at first sight. That is, the effect
falls off more slowly than the inverse square.

Here is an analogy: If we are in a pool of water and there is a floating cork
very close by, we can move it "directly" by pushing the water with another cork.
If you looked only at the two corks, all you would see would be that one moved
immediately in response to the motion of the other—there is some kind of "inter-
action" between them. Of course, what we really do is to disturb the water; the
water then disturbs the other cork. We could make up a "law" that if you pushed
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the water a little bit, an object close by in the water would move. If it were farther

away, of course, the second cork would scarcely move, for we move the water

locally. On the other hand, if we jiggle the cork a new phenomenon is involved,

in which the motion of the water moves the water there, etc., and waves travel

away, so that by jiggling, there is an influence wry much farther out, an oscillatory

influence, that cannot be understood from the direct interaction. Therefore the-
idea of direct interaction must be replaced with the existence of the water, or-in-

the electrical case, with what we call the electromagnetic field.

The electromagnetic field can carry waves; some of these waves are light,
others are used in radio broadcasts, but the general name is electromagnetic waves.
These oscillatory waves can have various frequencies. The only thing that is really
different from one wave to another is the frequency of oscillation. 1f we shake a
charge back and forth more and more rapidly, and look at the effects, we get a
whole series of different kinds of effects, which are all unified by specifying but
one number, the number of oscillations per second. The usual "pickup" that we
get from electric currents in the circuits in the walls of a building have a frequency
of about one hundred cycles per second. If we increase the frequency to 500 or
1000 kilocycles (1 kilocycle = 1000 cycles) per second, we are "on the air," for
this is the frequency range which is used for radio broadcasts. (Of course it has
nothing to do with the air/ We can have radio broadcasts without any air.) If
we again increase the frequency, we come into the range that is used for FM and
TV. Going still further, we use certain short waves, for example for radar. Still
higher, and we do not need an instrument to "see" the stuff, we can see it with the
human eye. In the range of frequency from 5 X 10 to 5 X 10" cycles per
second our eyes would see the oscillation of the charged comb, if we could shake it
that fast, as red, blue, or violet light, depending on the frequency. Frequencies
below this range are called infrared, and above it, ultraviolet. The fact that we
can see in a particular frequency range makes that part of the electromagnetic
spectrum no more impressive than the other parts from a physicist's standpoint,
but from a human standpoint, of course, it is more interesting. If we go up even
higher in frequency, we get x-rays. X-rays are nothing but very high-frequency
light. If we go still higher, we get gamma rays. These two terms, x-rays and gamma
rays, are used almost synonymously. Usually electromagnetic rays coming from
nuclei are called gamma rays, while those of high energy from atoms are called
X-rays, but at the same frequency they are indistinguishable physically, no matter
what their source. If we go to still higher frequencies, say to 10** cycles per
second, we find that we can make those waves artificially, for example with the
synchrotron here at Caltech. We can find electromagnetic waves with stupendously
high frequencies—with even a thousand times more rapid oscillation—in the waves
found in cosmic rays. These waves cannot be controlled by us.

Table 2-1

The Electromagnetic Spectrum

Frequency in Rough
oscillations/sec Name behavior
102 Electrical disturbance Field
5 X 105 — 106 Radio broadcast
108 FM —TV Waves
1010 Radar
5% 101t — 1015 Light )
1018 X-rays '
1021 Y-rays, nuclear Particle
1024 Y-rays, “artificial”
10%7 7Y-rays, in cosmic rays )
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2-3 Quantum physics

Having described the idea of the electromagnetic field, and that this field
can carry waves, we soon learn that these waves actually behave in a strange way
which seems very unwavelike. At higher frequencies they behave much more like
particles! 1t is quantum mechanics, discovered just after 1920, which explains this
strange behavior. In the years before 1920, the picture of space as a three-dimen-
sional space, and of time as a separate thing, was changed by Einstein, first into
a combination which we call space-time, and then still further into a curved
space-time to represent gravitation. So the "stage" is changed into space-time,
and gravitation is presumably a modification of space-time. Then it was also found
that the rules for the motions of particles were incorrect. The mechanical rules of
"inertia" and "forces" are wrong—Newton's laws are wrong—in the world of atoms.
Instead, it was discovered that things on a small scale behave nothing like things on
a large scale. That is what makes physics difficult—and very interesting. It is hard
because the way things behave on a small scale is so "unnatural"; we have no
direct experience with it. Here things behave like nothing we know of, so that it is
impossible to describe this behavior in any other than analytic ways. It is difficult,
and takes a lot of imagination.

Quantum mechanics has many aspects. In the first place, the idea that a
particle has a definite location and a definite speed is no longer allowed; that is
wrong. To give an example of how wrong classical physics is, there is a rule in
quantum mechanics that says that one cannot know both where something is and
how fast it is moving. The uncertainty of the momentum and the uncertainty of
the position are complementary, and the product of the two is constant. We can
write the law like this: Dx Dp ? h/2p, but we shall explain it in more detail later.
This rule is the explanation of a very mysterious paradox: if the atoms are made
out of plus and minus charges, why don't the minus charges simply sit on top of
the plus charges (they attract each other) and get so close as to completely cancel
them out? Why are atoms so big? Why is the nucleus at the center with the
electrons around it? It was first thought that this was because the nucleus was so
big; but no, the nucleus is very small. An atom has a diameter of about 10® cm.
The nucleus has a diameter of about 10" cm. If we had an atom and wished to
see the nucleus, we would have to magnify it until the whole atom was the size of
a large room, and then the nucleus would be a bare speck which you could just
about make out with the eye, but very nearly all the weight of the atom is in that
infinitesimal nucleus. What keeps the electrons from simply falling in? This
principle: If they were in the nucleus, we would know their position precisely, and
the uncertainty principle would then require that they have a very large (but
uncertain) momentum, i.e., a very large kinetic energy. With this energy they
would break away from the nucleus. They make a compromise: they leave them-
selves a little room for this uncertainty and then jiggle with a certain amount of
minimum motion in accordance with this rule. (Remember that when a crystal
is cooled to absolute zero, we said that the atoms do not stop moving, they still
jiggle. Why? If they stopped moving, we would know where they were and that
they had zero motion, and that is against the uncertainty principle. We cannot
know where they are and how fast they are moving, so they must be continually
wiggling in there!)

Another most interesting change in the ideas and philosophy of science
brought about by quantum mechanics is this: it is not possible to predict exactly
what will happen in any circumstance. For example, it is possible to arrange an
atom which is ready to emit light, and we can measure when it has emitted light
by picking up a photon particle, which we shall describe shortly. We cannot,
however, predict when it is going to emit the light or, with several atoms, which
one is going to. You may say that this is because there are some internal "wheels"
which we have not looked at closely enough. No, there are no internal wheels;
nature, as we understand it today, behaves in such a way that it is fundamentally
impossible to make a precise prediction of exactly what will happen in a given
experiment. This is a horrible thing; in fact, philosophers have said before that

one of the fundamental requisites of science is that whenever you set up the same
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conditions, the same thing must happen. This is simply not true, it is not a funda-
mental condition of science. The fact is that the same thing does not happen,
that we can find only an average, statistically, as to what happens. Nevertheless,
science has not completely collapsed. Philosophers, incidentally, say a great deal
about what is absolutely necessary for science, and it is always, so far as one can
see, rather naive, and probably wrong. For example, some philosopher or other
said it is fundamental to the scientific effort that if an experiment is performed in,
say, Stockholm, and then the same experiment is done in, say, Quito, the same
results must occur. That is quite false. It is not necessary that science do that;
it may be a fact of experience, but it is not necessary. For example, if one of the
experiments is to look out at the sky and see the aurora borealis in Stockholm,
you do not see it in Quito; that is a different phenomenon. "But," you say, "that
is something that has to do with the outside; can you close yourself up in a box
in Stockholm and pull down the shade and get any difference?" Surely. If we take
a pendulum on a universal joint, and pull it out and let go, then the pendulum
will swing almost in a plane, but not quite. Slowly the plane keeps changing in
Stockholm, but not in Quito. The blinds are down, too. The fact that this happened
does not bring on the destruction of science. What is the fundamental hypothesis of
science, the fundamental philosophy? We stated it in the first chapter: the sole
test of the validity of any idea is experiment. If it turns out that most experiments
work out the same in Quito as they do in Stockholm, then those "most experi-
ments" will be used to formulate some general law, and those experiments which
do not come out the same we will say were a result of the environment near
Stockholm. We will invent some way to summarize the results of the experiment,
and we do not have to be told ahead of time what this way will look like. If we
are told that the same experiment will always produce the same result, that is all
very well, but if when we try it, it does not, then it does not. We just have to take
what we see, and then formulate all the rest of our ideas in terms of our actual
experience.

Returning again to quantum mechanics and fundamental physics, we cannot
go into details of the quantum-mechanical principles at this time, of course, be-
cause these are rather difficult to understand. We shall assume that they are there,
and go on to describe what some of the consequences are. One of the consequences
is that things which we used to consider as waves also behave like particles, and
particles behave like waves; in fact everything behaves the same way. There is no
distinction between a wave and a particle. So quantum mechanics unifies the idea
of the field and its waves, and the particles, all into one. Now it is true that when
the frequency is low, the field aspect of the phenomenon is more evident, or more
useful as an approximate description in terms of everyday experiences. But as the
frequency increases, the particle aspects of the phenomenon become more evident
with the equipment with which we usually make the measurements. In fact, al-
though we mentioned many frequencies, no phenomenon directly involving a fre-
quency has yet been detected above approximately 10" cycles per second. We
only deduce the higher frequencies from the energy of the particles, by a rule which
assumes that the particle-wave idea of quantum mechanics is valid.

Thus we have a new view of electromagnetic interaction. We have a new kind
of particle to add to the electron, the proton, and the neutron. That new particle
is called a photon. The new view of the interaction of electrons and protons that
is electromagnetic theory, but with everything quantum-mechanically correct, is
called quantum electrodynamics. This fundamental theory of the interaction of
light and matter, or electric field and charges, is our greatest success so far in
physics. In this one theory we have the basic rules for all ordinary phenomena
except for gravitation and nuclear processes. For example, out of quantum electro-
dynamics come all known electrical, mechanical, and chemical laws: the laws for
the collision of billiard balls, the motions of wires in magnetic fields, the specific
heat of carbon monoxide, the color of neon signs, the density of salt, and the
reactions of hydrogen and oxygen to make water are all consequences of this one
law. All these details can be worked out if the situation is simple enough for us to
make an approximation, which is almost never, but often we can understand more
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or less what is happening. At the present time no exceptions are found to the
quantum-electrodynamic laws outside the nucleus, and there we do not know
whether there is an exception because we simply do not know what is going on in
the nucleus.

In principle, then, quantum electrodynamics is the theory of all chemistry,
and of life, if life is ultimately reduced to chemistry and therefore just to physics
because chemistry is already reduced (the part of physics which is involved in
chemistry being already known). Furthermore, the same quantum electrodynamics,
this great thing, predicts a lot of new things. In the first place, it tells the properties
of very high-energy photons, gamma rays, etc. It predicted another very re-
markable thing: besides the electron, there should be another particle of the
same mass, but of opposite charge, called a positron, and these two, coming to-
gether, could annihilate each other with the emission of light or gamma rays.
(After all, light and gamma rays are all the same, they are just different points on
a frequency scale.) The generalization of this, that for each particle there is an
antiparticle, turns out to be true. In the case of electrons, the antiparticle has
another name—it is called a positron, but for most other particles, it is called anti-
so-and-so, like antiproton or antineutron. In quantum electrodynamics, two
numbers are put in and most of the other numbers in the world are supposed to
come out. The two numbers that are put in are called the mass of the electron and
the charge of the electron. Actually, that is not quite true, for we have a whole
set of numbers for chemistry which tells how heavy the nuclei are. That leads us
to the next part.

2-4 Nuclei and particles

What are the nuclei made of, and how are they held together? It is found
that the nuclei are held together by enormous forces. When these are released,
the energy released is tremendous compared with chemical energy, in the same
ratio as the atomic bomb explosion is to a TNT explosion, because, of course,
the atomic bomb has to do with changes inside the nucleus, while the explosion
of TNT has to do with the changes of the electrons on the outside of the atoms.
The question is, what are the forces which hold the protons and neutrons together
in the nucleus? Just as the electrical interaction can be connected to a particle,
a photon, Yukawa suggested that the forces between neutrons and protons also
have a field of some kind, and that when this field jiggles it behaves like a particle.
Thus there could be some other particles in the world besides protons and neutrons,
and he was able to deduce the properties of these particles from the already known
characteristics of nuclear forces. For example, he predicted they should have a
mass of two or three hundred times that of an electron; and lo and behold, in
cosmic rays there was discovered a particle of the right mass! But it later turned
out to be the wrong particle. It was called a m-meson, or muon.

However, a little while later, in 1947 or 1948, another particle was found,
the p-meson, or pion, which satisfied Yukawa's criterion. Besides the proton and
the neutron, then, in order to get nuclear forces we must add the pion. Now,
you say, "Oh great!, with this theory we make quantum nucleodynamics using
the pions just like Yukawa wanted to do, and see if it works, and everything will
be explained." Bad luck. It turns out that the calculations that are involved in
this theory are so difficult that no one has ever been able to figure out what the
consequences of the theory are, or to check it against experiment, and this has
been going on now for almost twenty years!

So we are stuck with a theory, and we do not know whether it is right or wrong,
but we do know that it is a little wrong, or at least incomplete. While we have
been dawdling around theoretically, trying to calculate the consequences of this
theory, the experimentalists have been discovering some things. For example,
they had already discovered this m-meson or muon, and we do not yet know where
it fits. Also, in cosmic rays, a large number of other "extra" particles were found.
It turns out that today we have approximately thirty particles, and it is very
difficult to understand the relationships of all these particles, and what nature
2-8



, wants them for, or what the connections are from one to another. We do not today
understand these various particles as different aspects of the same thing, and the
fact that we have so many unconnected particles is a representation of the fact
that we have so much unconnected information without a good theory. After
the great successes of quantum electrodynamics, there is a certain amount of
knowledge of nuclear physics which is rough knowledge, sort of half experience
and half theory, assuming a type of force between protons and neutrons and see-
ing what will happen, but not really understanding where the force comes from.
Aside from that, we have made very little progress. We have collected an enor-
mous number of chemical elements. In the chemical case, there suddenly appeared
a relationship among these elements which was unexpected, and which is embodied
in the periodic table of Mendeleev. For example, sodium and potassium are
about the same in their chemical properties and are found in the same column
in the Mendeleev chart. We have been seeking a Mendeleev-type chart for the
new particles. One such chart of the new particles was made independently by
Gell-Mann in the U.S.A. and Nishijima in Japan. The basis of their classification
is a new number, like the electric charge, which can be assigned to each particle,
called its "strangeness," S. This number is conserved, like the electric charge, in
reactions which take place by nuclear forces.

In Table 2-2 are listed all the particles. We cannot discuss them much at
this stage, but the table will at least show you how much we do not know. Under-
neath each particle its mass is given in a certain unit, called the Mev. One Mev
is equal to 1.782 X 10727 gram. The reason this unit was chosen is historical,
and we shall not go into it now. More massive particles are put higher up on the
chart; we see that a neutron and a proton have almost the same mass. In vertical
columns we have put the particles with the same electrical charge, all neutral
objects in one column, all positively charged ones to the right of this one, and all
negatively charged objects to the left.

Particles are shown with a solid line and "resonances" with a dashed one.
Several particles have been omitted from the table. These include the important
zero-mass, zero-charge particles, the photon and the graviton, which do not fall into
the baryon-meson-lepton classification scheme, and also some of the newer
resonances (K*, <p, ri). The antiparticles of the mesons are listed in the table, but
the antiparticles of the leptons and baryons would have to be listed in another
table which would look exactly like this one reflected on the zero-charge column.
Although all of the particles except the electron, neutrino, photon, graviton, and
proton are unstable, decay products have been shown only for the resonances.
Strangeness assignments are not applicable for leptons, since they do not interact
strongly with nuclei.

All particles which are together with the neutrons and protons are called
baryons, and the following ones exist: There is a "lambda," with a mass of 1154
Mev, and three others, called sigmas, minus, neutral, and plus, with several masses
almost the same. There are groups or multiplets with almost the same mass, within
one or two percent. Each particle in a multiplet has the same strangeness. The
first multiplet is the proton-neutron doublet, and then there is a singlet (the
lambda) then the sigma triplet, and finally the xi doublet. Very recently, in 1961,
even a few more particles were found. Or are they particles? They live so short a
time, they disintegrate almost instantaneously, as soon as they are formed, that
we do not know whether they should be considered as new particles, or some kind
of "resonance" interaction of a certain definite energy between the A and T products
into which they disintegrate.

In addition to the baryons the other particles which are involved in the nuclear
interaction are called mesons. There are first the pions, which come in three varie-
ties, positive, negative, and neutral; they form another multiplet. We have also
found some new things called A'-mesons, and they occur as a doublet, K* and
K°. Also, every particle has its antiparticle, unless a particle is its own antiparticle.
For example, the 7 and the 7" are antiparticles, but the #° is its own antiparticle.
The K~ and K™ are antiparticles, and the K° and K°. In addition, in 1961 we also
found some more mesons or maybe mesons which disintegrate almost immediately.
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A thing called w which goes into three pions has a mass 780 on this scale, and
somewhat less certain is an object which disintegrates into two pions. These parti-
cles, called mesons and baryons, and the antiparticles of the mesons are on the
same chart, but the antiparticles of the baryons must be put on another chart,
"reflected" through the charge-zero column.

Just as Mendeleev's chart was very good, except for the fact that there were
a number of rare earth elements which were hanging out loose from it, so we have
a number of things hanging out loose from this chart—particles which do not
interact strongly in nuclei, have nothing to do with a nuclear interaction, and do
not have a strong interaction (I mean the powerful kind of interaction of nuclear
energy). These are called leptons, and they are the following: there is the electron,
which has a very small mass on this scale, only 0.510 Mev. Then there is that
other, the y-meson, the muon, which has a mass much higher, 206 times as heavy
as an electron. So far as we can tell, by all experiments so far, the difference
between the electron and the muon is nothing but the mass. Everything works
exactly the same for the muon as for the electron, except that one is heavier than
the other. Why is there another one heavier; what is the use for it? We do not
know. In addition, there is a lepton which is neutral, called a neutrino, and this
particle has zero mass. In fact, it is now known that there are rwo different kinds
of neutrinos, one related to electrons and the other related to muons.

Finally, we have two other particles which do not interact strongly with the
nuclear ones: one is a photon, and perhaps, if the field of gravity also has a quan-
tum-mechanical analog (a quantum theory of gravitation has not yet been worked
out), then there will be a particle, a graviton, which will have zero mass.

What is this "zero mass"? The masses given here are the masses of the
particles at rest. The fact that a particle has zero mass means, in a way, that it
cannot be at rest. A photon is never at rest, it is always moving at 186,000 miles a
second. We will understand more what mass means when we understand the theory
of relativity, which will come in due time.

Thus we are confronted with a large number of particles, which together seem
to be the fundamental constituents of matter. Fortunately, these particles are
not all different in their interactions with one another. In fact, there seem to be
just four kinds of interaction between particles which, in the order of decreasing
strength, are the nuclear force, electrical interactions, the beta-decay interaction,.
and gravity. The photon is coupled to all charged particles and the strength of
the interaction is measured by some number, which is 1/137. The detailed law
of this coupling is known, that is quantum electrodynamics. * Gravity is coupled
to all energy, but its coupling is extremely weak, much weaker than that of elec-
tricity. This law is also known. Then there are the so-called weak decays—
beta decay, which causes the neutron to disintegrate into proton, electron, and
neutrino, relatively slowly. This law is only partly known. The so-called strong
interaction, the meson-baryon interaction, has a strength of 1 in this scale, and the
law is completely unknown, although there are a number of known rules, such
as that the number of baryons does not change in any reaction.

Table 2-3. Elementary Interactions
Coupling Strength* Law

Photon to charged particles ~ ~10—2 Law known

Gravity to all energy ~10740  Law known
Weak decays ~10-5 Law partly known
Mesons to baryons ~1 Law unknown (some rules known)

*The "strength" is a dimensionless measure of the coupling constantinvolved in each
interaction (~ means "approximately").
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This then, is the horrible condition of our physics today. To summarize it,
I would say this: outside the nucleus, we seem to know all; inside it, quantum
mechanics is valid—the principles of quantum mechanics have not been found to
fail. The stage on which we put all of our knowledge, we would say, is relativistic
space-time; perhaps gravity is involved in space-time. We do not know how the
universe got started, and we have never made experiments which check our ideas
of space and time accurately, below some tiny distance, so we only know that
our ideas work above that distance. We should also add that the rules of the game
are the quantum-mechanical principles, and those principles apply, so far as we
can tell, to the new particles as well as to the old. The origin of the forces in
nuclei leads us to new particles, but unfortunately they appear in great profusion
and we lack a complete understanding of their interrelationship, although we
already know that there are some very surprising relationships among them.
We seem gradually to be groping toward an understanding of the world of sub-
atomic particles, but we really do not know how far we have yet to go in this task.
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3

The Relation of Physics to Other Sciences

3-1 Introduction

Physics is the most fundamental and all-inclusive of the sciences, and has
had a profound effect on all scientific development. In fact, physics is the present-
day equivalent of what used to be called natural philosophy, from which most of
our modern sciences arose. Students of many fields find themselves studying
physics because of the basic role it plays in all phenomena. In this chapter we
shall try to explain what the fundamental problems in the other sciences are,
but of course it is impossible in so small a space really to deal with the complex,
subtle, beautiful matters in these other fields. Lack of space also prevents our
discussing the relation of physics to engineering, industry, society, and war, or
even the most remarkable relationship between mathematics and physics. (Mathe-
matics is not a science from our point of view, in the sense that it is not a natural
science. The test of its validity is not experiment.) We must, incidentally, make it
clear from the beginning that if a thing is not a science, it is not necessarily bad.
For example, love is not a science. So, if something is said not to be a science,
it does not mean that there is something wrong with it; it just means that it is not
a science.

32 Chemistry

The science which is perhaps the most deeply affected by physics is chemistry.
Historically, the early days of chemistry dealt almost entirely with what we now call
inorganic chemistry, the chemistry of substances which are not associated with
living things. Considerable analysis was required to discover the existence of the
many elements and their relationships—how they make the various relatively
simple compounds found in rocks, earth, etc. This early chemistry was very
important for physics. The interaction between the two sciences was very great
because the theory of atoms was substantiated to a large extent by experiments
in chemistry. The theory of chemistry, i.e., of the reactions themselves, was
summarized to a large extent in the periodic chart of Mendeleev, which brings out
many strange relationships among the various elements, and it was the collection
of rules as to which substance is combined with which, and how, that constituted
inorganic chemistry. All these rules were ultimately explained in principle by
quantum mechanics, so that theoretical chemistry is in fact physics. On the
other hand, it must be emphasized that this explanation is in principle. We have
already discussed the difference between knowing the rules of the game of chess,
and being able to play. So it is that we may know the rules, but we cannot play
very well. It turns out to be very difficult to predict precisely what will happen in
a given chemical reaction; nevertheless, the deepest part of theoretical chemistry
must end up in quantum mechanics.

There is also a branch of physics and chemistry which was developed by both
sciences together, and which is extremely important. This is the method of
statistics applied in a situation in which there are mechanical laws, which is aptly
called statistical mechanics. In any chemical situation a large number of atoms are
involved, and we have seen that the atoms are all jiggling around in a very random
and complicated way. If we could analyze each collision, and be able to follow
in detail the motion of each molecule, we might hope to figure out what would
happen, but the many numbers needed to keep track of all these molecules ex-
ceeds so enormously the capacity of any computer, and certainly the capacity of
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the mind, that it was important to develop a method for dealing with such com-
plicated situations. Statistical mechanics, then, is the science of the phenomena
of heat, or thermodynamics. Inorganic chemistry is, as a science, now reduced
essentially to what are called physical chemistry and quantum chemistry; physical
chemistry to study the rates at which reactions occur and what is happening in
detail (How do the molecules hit? Which pieces fly off first?, etc.), and quantum
chemistry to help us understand what happens in terms of the physical laws.

The other branch of chemistry is organic chemistry, the chemistry of the
substances which are associated with living things. For a time it was believed
that the substances which are associated with living things were so marvelous
that they could not be made by hand, from inorganic materials. This is not at
all true—they are just the same as the substances made in inorganic chemistry,
but more complicated arrangements of atoms are involved. Organic chemistry
obviously has a very close relationship to the biology which supplies its substances,
and to industry, and furthermore, much physical chemistry and quantum mechanics
can be applied to organic as well as to inorganic compounds. However, the main
problems of organic chemistry are not in these aspects, but rather in the analysis
and synthesis of the substances which are formed in biological systems, in living
things. This leads imperceptibly, in steps, toward biochemistry, and then into
biology itself, or molecular biology.

3-3 Biology

Thus we come to the science of biology, which is the study of living things.
In the early days of biology, the biologists had to deal with the purely descriptive
problem of finding out what living things there were, and so they just had to
count such things as the hairs of the limbs of fleas. After these matters were worked
out with a great deal of interest, the biologists went into the machinery inside the
living bodies, first from a gross standpoint, naturally, because it takes some effort
to get into the finer details.

There was an interesting early relationship between physics and biology in
which biology helped physics in the discovery of the conservation of energy, which
was first demonstrated by Mayer in connection with the amount of heat taken in
and given out by a living creature.

If we look at the processes of biology of living animals more closely, we see
many physical phenomena: the circulation of blood, pumps, pressure, etc. There
are nerves: we know what is happening when we step on a sharp stone, and that
somehow or other the information goes from the leg up. It is interesting how that
happens. In their study of nerves, the biologists have come to the conclusion that
nerves are very fine tubes with a complex wall which is very thin; through this
wall the cell pumps ions, so that there are positive ions on the outside and nega-
tive ions on the inside, like a capacitor. Now this membrane has an interesting
property; if it "discharges" in one place, i.e., if some of the ions were able to move
through one place, so that the electric voltage is reduced there, that electrical
influence makes itself felt on the ions in the neighborhood, and it affects the
membrane in such a way that it lets the ions through at neighboring points also.
This in turn affects it farther along, etc., and so there is a wave of "penetrability"
of the membrane which runs down the fiber when it is "excited" at one end by
stepping on the sharp stone. This wave is somewhat analogous to a long sequence
of vertical dominoes; if the end one is pushed over, that one pushes the next,
etc. Of course this will transmit only one message unless the dominoes are set
up again; and similarly in the nerve cell, there are processes which pump the ions
slowly out again, to get the nerve ready for the next impulse. So it is that we know
what we are doing (or at least where we are). Of course the electrical effects
associated with this nerve impulse can be picked up with electrical instruments,
and because there are electrical effects, obviously the physics of electrical effects
has had a great deal of influence on understanding the phenomenon.

The opposite effect is that, from somewhere in the brain, a message is sent
out along a nerve. What happens at the end of the nerve? There the nerve branches
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out into fine little things, connected to a structure near a muscle, called an end-
plate. For reasons which are not exactly understood, when the impulse reaches
the end of the nerve, little packets of a chemical called acetylcholine are shot off
(five or ten molecules at a time) and they affect the muscle fiber and make it con-
tract—how simple! What makes a muscle contract? A muscle is a very large num-
ber of fibers close together, containing two different substances, myosin and
actomyosin, but the machinery by which the chemical reaction induced by acetyl-
choline can modify the dimensions of the molecule is not yet known. Thus the
fundamental processes in the muscle that make mechanical motions are not known.

Biology is such an enormously wide field that there are hosts of other problems
that we cannot mention at all—problems on how vision works (what the light does
in the eye), how hearing works, etc. (The way in which thinking works we shall
discuss later under psychology.) Now, these things concerning biology which
we have just discussed are, from a biological standpoint, really not fundamental,
at the bottom of life, in the sense that even if we understood them we still would
not understand life itself. To illustrate: the men who study nerves feel their work
is very important, because after all you cannot have animals without nerves.
But you can have life without nerves. Plants have neither nerves nor muscles,
but they are working, they are alive, just the same. So for the fundamental prob-
lems of biology we must look deeper; when we do, we discover that all living
things have a great many characteristics in common. The most common feature
is that they are made of cells, within each of which is complex machinery for doing
things chemically. In plant cells, for example, there is machinery for picking up
light and generating sucrose, which is consumed in the dark to keep the plant
alive. When the plant is eaten the sucrose itself generates in the animal a series
of chemical reactions very closely related to photosynthesis (and its opposite
effect in the dark) in plants.

In the cells of living systems there are many elaborate chemical reactions,
in which one compound is changed into another and another. To give some im-
pression of the enormous efforts that have gone into the study of biochemistry,
the chart in Fig. 3-1 summarizes our knowledge to date on just one small part of
the many series of reactions which occur in cells, perhaps a percent or so of it.

Here we see a whole series of molecules which change from one to another
in a sequence or cycle of rather small steps. It is called the Krebs cycle, the respira-
tory cycle. Each of the chemicals and each of the steps is fairly simple, in terms
of what change is made in the molecule, but—and this is a centrally important
discovery in biochemistry —these changes are relatively difficult to accomplish in a
laboratory. If we have one substance and another very similar substance, the one
does not just turn into the other, because the two forms are usually separated by
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an energy barrier or "hill." Consider this analogy: If we wanted to take an object
from one place to another, at the same level but on the other side of a hill, we could
push it over the top, but to do so requires the addition of some energy. Thus
most chemical reactions do not occur, because there is what is called an activa-
tion energy in the way. In order to add an extra atom to our chemical requires
that we get it close enough that some rearrangement can occur; then it will stick.
But if we cannot give it enough energy to get it close enough, it will not go to com-
pletion, it will just go part way up the "hill" and back down again. However,
if we could literally take the molecules in our hands and push and pull the atoms
around in such a way as to open a hole to let the new atom in, and then let it snap
back, we would have found another way, around the hill, which would not require
extra energy, and the reaction would go easily. Now there actually are, in the cells,
very large molecules, much larger than the ones whose changes we have been de-
scribing, which in some complicated way hold the smaller molecules just right, so
that the reaction can occur easily. These very large and complicated things are
called enzymes. (They were first called ferments, because they were originally
discovered in the fermentation of sugar. In fact, some of the first reactions in
the cycle were discovered there.) In the presence of an enzyme the reaction will go.

An enzyme is made of another substance called protein. Enzymes are very
big and complicated, and each one is different, each being built to control a certain
special reaction. The names of the enzymes are written in Fig. 3-1 at each reaction.
(Sometimes the same enzyme may control two reactions.) We emphasize that the
enzymes themselves are not involved in the reaction directly. They do not change;
they merely let an atom go from one place to another. Having done so, the enzyme
is ready to do it to the next molecule, like a machine in a factory. Of course, there
must be a supply of certain atoms and a way of disposing of other atoms. Take
hydrogen, for example: there are enzymes which have special units on them which
carry the hydrogen for all chemical reactions. For example, there are three or four
hydrogen-reducing enzymes which are used all over our cycle in different places.
It is interesting that the machinery which liberates some hydrogen at one place
will take that hydrogen and use it somewhere else.

The most important feature of the cycle of Fig. 3-1 is the transformation
from GDP to GTP (guanadine-di-phosphate to guanadine-tri-phosphate) because
the one substance has much more energy in it than the other. Just as there is a
"box" in certain enzymes for carrying hydrogen atoms around, there are special
energy-carrying "boxes" which involve the triphosphate group. So, GTP has more
energy than GDP and if the cycle is going one way, we are producing molecules
which have extra energy and which can go drive some other cycle which requires
energy, for example the contraction of muscle. The muscle will not contract
unless there is GTP. We can take muscle fiber, put it in water, and add GTP,
and the fibers contract, changing GTP to GDP if the right enzymes are present.
So the real system is in the GDP-GTP transformation; in the dark the GTP
which has been stored up during the day is used to run the whole cycle around the
other way. An enzyme yousee, does not care in which direction the reaction goes,
for if it did it would violate one of the laws of physics.

Physics is of great importance in biology and other sciences for still another
reason, that has to do with experimental techniques. In fact, if it were not for the
great development of experimental physics, these biochemistry charts would not
be known today. The reason is that the most useful tool of all for analyzing this
fantastically complex system is to label the atoms which are used in the reactions.
Thus, if we could introduce into the cycle some carbon dioxide which has a
"green mark" on it, and then measure after three seconds where the green mark
is, and again measure after ten seconds, etc., we could trace out the course of the
reactions. What are the "green marks"? They are different isotopes. We recall
that the chemical properties of atoms are determined by the number of electrens,
not by the mass of the nucleus. But there can be, for example in carbon, six
neutrons or seven neutrons, together with the six protons which all carbon nuclei
have. Chemically, the two atoms Ci2 and Ci3 are the same, but they differ in
weight and they have different nuclear properties, and so they are distinguishable.
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By using these isotopes of different weights, or even radioactive isotopes like Ci4,
which provide a more sensitive means for tracing very small quantities, it is pos-
sible to trace the reactions.

Now, we return to the description of enzymes and proteins. All proteins are
not enzymes, but all enzymes are proteins. There are many proteins, such as the
proteins in muscle, the structural proteins which are, for example, in cartilage and
hair, skin, etc., that are not themselves enzymes. However, proteins are a very
characteristic substance of life: first of all they make up all the enzymes, and
second, they make up much of the rest of living material. Proteins have a very
interesting and simple structure. They are a series, or chain, of different ammo
acids. There are twenty different amino acids, and they all can combine with
each other to form chains in which the backbone is CO-NH, etc. Proteins are
nothing but chains of various ones of these twenty amino acids. Each of the amino
acids probably serves some special purpose. Some, for example, have a sulphur
atom at a certain place; when two sulphur atoms are in the same protein, they
form a bond, that is, they tie the chain together at two points and form a loop.
Another has extra oxygen atoms which make it an acidic substance, another has
a basic characteristic. Some of them have big groups hanging out to one side, so -
that they take up a lot of space. One of the amino acids, called prolene, is not
really an amino acid, but imino acid. There is a slight difference, with the result
that when prolene is in the chain, there is a kink in the chain. If we wished to
manufacture a particular protein, we would give these instructions: put one of
those sulphur hooks here; next, add something to take up space; then attach some-
thing to put a kink in the chain. In this way, we will get a complicated-looking
chain, hooked together and having some complex structure; this is presumably
just the manner in which all the various enzymes are made. One of the great tri-
umphs in recent times (since 1960), was at last to discover the exact spatial atomic
arrangement of certain proteins, which involve some fifty-six or sixty amino acids
in a row. Over a thousand atoms (more nearly two thousand, if we count the
hydrogen atoms) have been located in a complex pattern in two proteins. The
first was hemoglobin. One of the sad aspects of this discovery is that we cannot see
anything from the pattern; we do not understand why it works the way it does.
Of course, that is the next problem to be attacked.

Another problem is how do the enzymes know what to be? A red-eyed fly
makes a red-eyed fly baby, and so the information for the whole pattern of enzymes
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cally to find the composition, and then with x-rays to find the pattern in space. HO ?
The result was the following remarkable discovery: The DNA molecule is a pair RIBOSE O_DxC_C RIBOSE
of chains, twisted upon each other. The backbone of each of these chains, which |
are analogous to the chains of proteins but chemically quite different, is a series 0\? g A0
of sugar and phosphate groups, as shown in Fig. 3-2. Now we see how the chain /g ('>\°H

can contain instructions, for if we could split this chain down the middle, we would
have a series BAADC . . . and every living thing could have a different series. RO O—-C D—O v
Thus perhaps, in some way, the specific instructions for the manufacture of pro-
teins are contained in the specific series of the DNA. ? 9

Attached to each sugar along the line, and linking the two chains together, are
certain pairs of cross-links. However, they are not all of the same kind; there are Fig. 3-2. Schematic diagram of DNA,
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four kinds, called adenine, thymine, cytosine, and guanine, but let us call them
A, B, C, and D. The interesting thing is that only certain pairs can sit opposite
each other, for example A with B and C with D. These pairs are put on the two
chains in such a way that they "fit together," and have a strong energy of interac-
tion. However, C will not fit with A, and B will not fit with C; they will only fit
in pairs, A against B and C against D. Therefore if one is C, the other must be
D, etc. Whatever the letters may be in one chain, each one must have its specific
complementary letter on the other chain.

What then about reproduction? Suppose we split this chain in two. How
can we make another one just like it? If, in the substances of the cells, there is a
manufacturing department which brings up phosphate, sugar, and A, B, C, D
units not connected in a chain, the only ones which will attach to our split chain
will be the correct ones, the complements of BAADC . . ., namely, ABBCD ...
Thus what happens is that the chain splits down the middle during cell division,
one half ultimately to go with one cell, the other half to end up in the other cell;
when separated, a new complementary chain is made by each half-chain.

Next comes the question, precisely how does the order of the A, B, C, D units
determine the arrangement of the amino acids in the protein? This is the central
unsolved problem in biology today. The first clues, or pieces of information,
however, are these: There are in the cell tiny particles called microsomes, and
it is now known that that is the place where proteins are made. But the micro-
somes are not in the nucleus, where the DNA and its instructions are. Something
seems to be the matter. However, it is also known that little molecule pieces come
off the DNA —not as long as the big DNA molecule that carries all the informa-
tion itself, but like a small section of it. This is called RNA, but that is not essential.
It is a kind of copy of the DNA, a short copy. The RNA, which somehow carries
a message as to what kind of protein to make goes over to the microsome; that
is known. When it gets there, protein is synthesized at the microsome. That is
also known. However, the details of how the amino acids come in and are arranged
in accordance with a code that is on the RNA are, as yet, still unknown. We do
not know how to read it. If we knew, for example, the "lineup" A, B, C, C, A,
we could not tell you what protein is to be made.

Certainly no subject or field is making more progress on so many fronts at
the present moment, than biology, and if we were to name the most powerful
assumption of all, which leads one on and on in an attempt to understand life,
it is that all things are made of atoms, and that everything that living things do can
be understood in terms of the jigglings and wigglings of atoms.

3-4 Astronomy

In this rapid-fire explanation of the whole world, we must now turn to
astronomy. Astronomy is older than physics. In fact, it got physics started by
showing the beautiful simplicity of the motion of the stars and planets, the under-
standing of which was the beginning of physics. But the most remarkable discovery
in all of astronomy is that the stars are made of atoms of the same kind as those on
the earth* How was this done? Atoms liberate light which has definite fre-

* How I'm rushing through this! How much each sentence in this brief story contains.
"The stars are made of the same atoms as the earth." I usually pick one small topic like
this to give a lecture on. Poets say science takes away from the beauty of the stars—mere
globs of gas atoms. Nothing is "mere." I too can see the stars on a desert night, and
feel them. But do I see less or more ? The vastness of the heavens stretches my imagina-
tion—stuck on this carousel my little eye can catch one-million-year-old light. A vast
pattern—of which I am a part—perhaps my stuff was belched from some forgotten
star, as one is belching there. Or see them with the greater eye of Palomar, rushing all
apart from some common starting point when they were perhaps all together. What
is the pattern, or the meaning, or the why ? It does not do harm to the mystery to know
a little about it. For far more marvelous is the truth than any artists of the past imagined!
Why do the poets of the present not speak of it? What men are poets who can speak of
Jupiter if he were like a man, but if he is an immense spinning sphere of methane and
ammonia must be silent?
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quencies, something like the timbre of a musical instrument, which has definite
pitches or frequencies of sound. When we are listening to several different tones
we can tell them apart, but when we look with our eyes at a mixture of colors we
cannot tell the parts from which it was made, because the eye is nowhere near as
discerning as the ear in this connection. However, with a spectroscope we can
analyze the frequencies of the light waves and in this way we can see the very tunes
of the atoms that are in the different stars. As a matter of fact, two of the chemical
elements were discovered on a star before they were discovered on the earth.
Helium was discovered on the sun, whence its name, and technetium was dis-
covered in certain cool stars. This, of course, permits us to make headway in
understanding the stars, because they are made of the same kinds of atoms which
are on the earth. Now we know a great deal about the atoms, especially con-
cerning their behavior under conditions of high temperature but not very great
density, so that we can analyze by statistical mechanics the behavior of the stellar
substance. Even though we cannot reproduce the conditions on the earth, using
the basic physical laws we often can tell precisely, or very closely, what will happen.
So it is that physics aids astronomy. Strange as it may seem, we understand the
distribution of matter in the interior of the sun far better than we understand the
interior of the earth. What goes on inside a star is better understood than one might
guess from the difficulty of having to look at a little dot of light through a telescope,
because we can calculate what the atoms in the stars should do in most circum-
stances.

One of the most impressive discoveries was the origin of the energy of the
stars, that makes them continue to burn. One of the men who discovered this was
out with his girl friend the night after he realized that nuclear reactions must be
going on in the stars in order to make them shine. She said "Look at how pretty
the stars shine!" He said "Yes, and right now I am the only man in the world
who knows why they shine." She merely laughed at him. She was not impressed
with being out with the only man who, at that moment, knew why stars shine.
Well, it is sad to be alone, but that is the way it is in this world.

It is the nuclear "burning" of hydrogen which supplies the energy of the sun;
the hydrogen is converted into helium. Furthermore, ultimately, the manufacture
of various chemical elements proceeds in the centers of the stars, from hydrogen.
The stuff of which we are made, was "cooked" once, in a star, and spit out. How
do we know? Because there is a clue. The proportion of the different isotopes—
how much C'?, how much C", etc., is something which is never changed by
chemical reactions, because the chemical reactions are so much the same for the
two. The proportions are purely the result of nuclear reactions. By looking at the
proportions of the isotopes in the cold, dead ember which we are, we can discover
what the furnace was like in which the stuff of which we are made was formed.
That furnace was like the stars, and so it is very likely that our elements were
"made" in the stars and spit out in the explosions which we call novae and super-
novae. Astronomy is so close to physics that we shall study many astronomical
things as we go along.

3-5 Geology

We turn now to what are called earth sciences, or geology. First, meteorology
and the weather. Of course the instruments of meteorology are physical instru-
ments, and the development of experimental physics made these instruments
possible, as was explained before. However, the theory of meteorology has never
been satisfactorily worked out by the physicist. "Well," you say, "there is nothing
but air, and we know the equations of the motions of air." Yes we do. "So if
we know the condition of air today, why can't we figure out the condition of the
air tomorrow?" First, we do not really know what the condition is today, because
the air is swirling and twisting everywhere. It turns out to be very sensitive, and
even unstable. If you have ever seen water run smoothly over a dam, and then
turn into a large number of blobs and drops as it falls, you will understand what I
mean by unstable. You know the condition of the water before it goes over the
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spillway; it is perfectly smooth; but the moment it begins to fall, where do the
drops begin? What determines how big the lumps are going to be and where they
will be? That is not known, because the water is unstable. Even a smooth moving
mass of air, in going over a mountain turns into complex whirlpools and eddies.
In many fields we find this situation of turbulent flow that we cannot analyze today.
Quickly we leave the subject of weather, and discuss geology!

The question basic to geology is, what makes the earth the way it is? The
most obvious processes are in front of your very eyes, the erosion processes of
the rivers, the winds, etc. It is easy enough to understand these, but for every bit
of erosion there is an equal amount of something else going on. Mountains are
no lower today, on the average, than they were in the past. There must be moun-
tsim-forming processes. You will find, if you study geology, that there are
mountain-forming processes and vulcanism, which nobody understands but which
is half of geology. The phenomenon of volcanoes is really not understood. What
makes an earthquake is, ultimately, not understood. It is understood that if
something is pushing something else, it snaps and will slide—that is all right.
But what pushes, and why? The theory is that there are currents inside the earth—
circulating currents, due to the difference in temperature inside and outside—
which, in their motion, push the surface slightly. Thus if there are two opposite
circulations next to each other, the matter will collect in the region where they
meet and make belts of mountains which are in unhappy stressed conditions, and
so produce volcanoes and earthquakes.

What about the inside of the earth? A great deal is known about the speed of
earthquake waves through the earth and the density of distribution of the earth.
However, physicists have been unable to get a good theory as to how dense a
substance should be at the pressures that would be expected at the center of the
earth. In other words, we cannot figure out the properties of matter very well in
these circumstances. We do much less well with the earth than we do with the
conditions of matter in the stars. The mathematics involved seems a little too
difficult, so far, but perhaps it will not be too long before someone realizes that
it is an important problem, and really work it out. The other aspect, of course, is
that even if we did know the density, we cannot figure out the circulating currents.
Nor can we really work out the properties of rocks at high pressure. We cannot
tell how fast the rocks should "give"; that must all be worked out by experiment.

3-6 Psychology

Next, we consider the science of psychology. Incidentally, psychoanalysis is
not a science: it is at best a medical process, and perhaps even more like witch-
doctoring. It has a theory as to what causes disease—lots of different "spirits,"
etc. The witch doctor has a theory that a disease like malaria is caused by a spirit
which comes into the air; it is not cured by shaking a snake over it, but quinine
does help malaria. So, if you are sick, I would advise that you go to the witch
doctor because he is the man in the tribe who knows the most about the disease;
on the other hand, his knowledge is not science. Psychoanalysis has not been
checked carefully by experiment, and there is no way to find a list of the number
of cases in which it works, the number of cases in which it does not work, etc.

The other branches of psychology, which involve things like the physiology
of sensation—what happens in the eye, and what happens in the brain—are, if
you wish, less interesting. But some small but real progress has been made in
studying them. One of the most interesting technical problems may or may not
be called psychology. The central problem of the mind, if you will, or the nervous
system, is this: when an animal learns something, it can do something different
than it could before, and its brain cell must have changed too, if it is made out of
atoms. In what way is it different ? We do not know where to look, or what to
look for, when something is memorized. We do not know what it means, or what
change there is in the nervous system, when a fact is learned. This is a very impor-
tant problem which has not been solved at all. Assuming, however, that there is
some kind of memory thing, the brain is such an enormous mass of interconnect-
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ing wires and nerves that it probably cannot be analyzed in a straightforward
manner. There is an analog of this to computing machines and computing ele-
ments, in that they also have a lot of lines, and they have some kind of element,
analogous, perhaps, to the synapse, or connection of one nerve to another. This
is a very interesting subject which we have not the time to discuss further—the
relationship between thinking and computing machines. It must be appreciated,
of course, that this subject will tell us very little about the real complexities of
ordinary human behavior. All human beings are so different. It will be a long
time before we get there. We must start much further back. If we could even figure
out how a dog works, we would have gone pretty far. Dogs are easier to under-
stand, but nobody yet knows how dogs work.

3-7 How did it get that way?

In order for physics to be useful to other sciences in a theoretical way, other
than in the invention of instruments, the science in question must supply to the
physicist a description of the object in a physicist's language. They can say "why
does a frogjump?," and the physicist cannot answer. If they tell him what a frog
is, that there are so many molecules, there is a nerve here, etc., that is different.
If they will tell us, more or less, what the earth or the stars are like, then we can
figure it out. In order for physical theory to be of any use, we must know where
the atoms are located. In order to understand the chemistry, we must know
exactly what atoms are present, for otherwise we cannot analyze it. That is but
one limitation, of course.

There is another kind of problem in the sister sciences which does not exist
in physics; we might call it, for lack of a better term, the historical question.
How did it get that way? If we understand all about biology, we will want to
know how all the things which are on the earth got there. There is the theory of
evolution, an important part of biology. In geology, we not only want to know
how the mountains are forming, but how the entire earth was formed in the be-
ginning, the origin of the solar system, etc. That, of course, leads us to want to
know what kind of matter there was in the world. How did the stars evolve?
What were the initial conditions? That is the problem of astronomical history.
A great deal has been found out about the formation of stars, the formation of
elements from which we were made, and even a little about the origin of the
universe.

There is no historical question being studied in physics at the present time.
We do not have a question, "Here are the laws of physics, how did they get that
way?" We do not imagine, at the moment, that the laws of physics are somehow
changing with time, that they were different in the past than they are at present.
Of course they may be, and the moment we find they are, the historical question
of physics will be wrapped up with the rest of the history of the universe, and then
the physicist will be talking about the same problems as astronomers, geologists,
and biologists.

Finally, there is a physical problem that is common to many fields, that is
very old, and that has not been solved. It is not the problem of finding new funda-
mental particles, but something left over from a long time ago—over a hundred
years. Nobody in physics has really been able to analyze it mathematically
satisfactorily in spite of its importance to the sister sciences. It is the analysis of
circulating or turbulent fluids. If we watch the evolution of a star, there comes a
point where we can deduce that it is going to start convection, and thereafter we
can no longer deduce what should happen. A few million years later the star
explodes, but we cannot figure out the reason. We cannot analyze the weather.
We do not know the patterns of motions that there should be inside the earth.
The simplest form of the problem is to take a pipe that is very long and push water
through it at high speed. We ask: to push a given amount of water through that
pipe, how much pressure is needed? No one can analyze it from first principles
and the properties of water. If the water flows very slowly, or if we use a thick
goo like honey, then we can do it nicely. You will find that in your textbook.
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What we really cannot do is deal with actual, wet water running through a pipe.
That is the central problem which we ought to solve some day, and we have not.

A poet once said, "The whole universe is in a glass of wine." We will probably
never know in what sense he meant that, for poets do not write to be understood.
But it is true that if we look at a glass of wine closely enough we see the entire
universe. There are the things of physics: the twisting liquid which evaporates
depending on the wind and weather, the reflections in the glass, and our imagi-
nation adds the atoms. The glass is a distillation of the earth's rocks, and in its
composition we see the secrets of the universe's age, and the evolution of stars.
What strange array of chemicals are in the wine? How did they come to be?
There are the ferments, the enzymes, the substrates, and the products. There in
wine is found the great generalization: all life is fermentation. Nobody can
discover the chemistry of wine without discovering, as did Louis Pasteur, the cause
of much disease. How vivid is the claret, pressing its existence into the conscious-
ness that watches it! If our small minds, for some convenience, divide this glass
of wine, this universe, into parts—physics, biology, geology, astronomy, psy-
chology, and so on—remember that nature does not know it! So let us put it all
back together, not forgetting ultimately what it is for. Let it give us one more final
pleasure: drink it and forget it all!
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4

Conservation of Energy

4-1 What is energy?

In this chapter, we begin our more detailed study of the different aspects of
physics, having finished our description of things in general. To illustrate the ideas
and the kind of reasoning that might be used in theoretical physics, we shall now
examine one of the most basic laws of physics, the conservation of energy.

There is a fact, or if you wish, a law, governing all natural phenomena that
are known to date. There is no known exception to this law—it is exact so far as
we know. The law is called the conservation of energy. It states that there is a
certain quantity, which we call energy, that does not change in the manifold
changes which nature undergoes. That is a most abstract idea, because it is a
mathematical principle; it says that there is a numerical quantity which does not
change when something happens. It is not a description of a mechanism, or any-
thing concrete; it is just a strange fact that we can calculate some number and when
we finish watching nature go through her tricks and calculate the number again,
it is the same. (Something like the bishop on a red square, and after a number of
moves—details unknown—it is still on some red square. It is a law of this nature.)
Since it is an abstract idea, we shall illustrate the meaning of it by an analogy.

Imagine a child, perhaps "Dennis the Menace," who has blocks which are
absolutely indestructible, and cannot be divided into pieces. Each is the same as
the other. Let us suppose that he has 28 blocks. His mother puts him with his
28 blocks into a room at the beginning of the day. At the end of the day, being
curious, she counts the blocks very carefully, and discovers a phenomenal law —
no matter what he does with the blocks, there are always 28 remaining! This
continues for a number of days, until one day there are only 27 blocks, but a little
investigating shows that there is one under the rug—she must look everywhere
to be sure that the number of blocks has not changed. One day, however, the
number appears to change—there are only 26 blocks. Careful investigation in-
dicates that the window was open, and upon looking outside, the other two blocks
are found. Another day, careful count indicates that there are 30 blocks! This
causes considerable consternation, until it is realized that Bruce came to visit,
bringing his blocks with him, and he left a few at Dennis' house. After she has
disposed of the extra blocks, she closes the window, does not let Bruce in, and then
everything is going along all right, until one time she counts and finds only 25
blocks. However, there is a box in the room, a toy box, and the mother goes to
open the toy box, but the boy says "No, do not open my toy box," and screams.
Mother is not allowed to open the toy box. Being extremely curious, and somewhat
ingenious, she invents a scheme! She knows that a block weighs three ounces,
so she weighs the box at a time when she sees 28 blocks, and it weighs 16 ounces.
The next time she wishes to check, she weighs the box again, subtracts sixteen
ounces and divides by three. She discovers the following:

) ¢ _
(number Of) (weight of box) — 16 ounces _ constant. @.n

blocks seen 3 ounces
There then appear to be some new deviations, but careful study indicates that the
dirty water in the bathtub is changing its level. The child is throwing blocks into
the water, and she cannot see them because it is so dirty, but she can find out how
many blocks are in the water by adding another term to her formula. Since the
original height of the water was 6 inches and each block raises the water a quarter
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Fig. 4-1. Simple weight-lifting machine,

of an inch, this new formula would be:

number of (wéight of box) — 16 ounces
blocks seen 3 ounces

(height of water) — 6 inches
1/4 inch

= constant. “4.2)

In the gradual increase in the complexity of her world, she finds a whole series of
terms representing ways of calculating how many blocks are in places where she
is not allowed to look. As a result, she finds a complex formula, a quantity which
has to be computed, which always stays the same in her situation.

What is the analogy of this to the conservation of energy? The most re-
markable aspect that must be abstracted from this picture is that there are no blocks.
Take away the first terms in (4.1) and (4.2) and we find ourselves calculating more
or less abstract things. The analogy has the following points. First, when we are
calculating the energy, sometimes some of it leaves the system and goes away,
or sometimes some comes in. In order to verify the conservation of energy, we
must be careful that we have not put any in or taken any out. Second, the energy
has a large number of different forms, and there is a formula for each one. These
are: gravitational energy, kinetic energy, heat energy, elastic energy, electrical
energy, chemical energy, radiant energy, nuclear energy, mass energy. If we total
up the formulas for each of these contributions, it will not change except for energy
going in and out.

It is important to realize that in physics today, we have no knowledge of what
energy is. We do not have a picture that energy comes in little blobs of a definite
amount. It is not that way. However, there are formulas for calculating some
numerical quantity, and when we add it all together it gives “28”—always the
same number. It is an abstract thing in that it does not tell us the mechanism or
the reasons for the various formulas.

4-2 Gravitational potential energy

Conservation of energy can be understood only if we have the formula for
all of its forms. I wish to discuss the formula for gravitational energy near the
surface of the Earth, and I wish to derive this formula in a way which has nothing
to do with history but is simply a line of reasoning invented for this particular
lecture to give you an illustration of the remarkable fact that a great deal about
nature can be extracted from a few facts and close reasoning. It is an illustration
of the kind of work theoretical physicists become involved in. It is patterned
after a most excellent argument by Mr. Carnot on the efficiency of steam engines.*

Consider weight-lifting machines—machines which have the property that
they lift one weight by lowering another. Let us also make a hypothesis: that
there is no such thing as perpetual motion with these weight-lifting machines.
(In fact, that there is no perpetual motion at all is a general statement of the law
of conservation of energy.) We must be careful to define perpetual motion.
First, let us do it for weight-lifting machines. If, when we have lifted and lowered
a lot of weights and restored the machine to the original condition, we find that
the net result is to have lifted a weight, then we have a perpetual motion machine
because we can use that lifted weight to run something else. That is, provided the
machine which lifted the weight is brought back to its exact original condition,
and furthermore that it is completely self-contained—that it has not received the
energy to lift that weight from some external source—like Bruce's blocks.

A very simple weight-lifting machine is shown in Fig. 4-1. This machine lifts
weights three units "strong." We place three units on one balance pan, and one
unit on the other. However, in order to get it actually to work, we must lift a
little weight off the left pan. On the other hand, we could lift a one-unit weight

* Our point here is not so much the result, (4.3), which in fact you may already know,
as the possibility of arriving at it by theoretical reasoning.
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by lowering the three-unit weight, if we cheat a little by lifting a little weight off
the other pan. Of course, we realize that with any actual lifting machine, we must
add a little extra to get it to run. This we disregard, temporarily. Ideal machines,
although they do not exist, do not require anything extra. A machine that we
actually use can be, in a sense, almost reversible: that is, if it will lift the weight of
three by lowering a weight of one, then it will also lift nearly the weight of one the
same amount by lowering the weight of three.

We imagine that there are two classes of machines, those that are not re-
versible, which includes all real machines, and those that are reversible, which of
course are actually not attainable no matter how careful we may be in our design
of bearings, levers, etc. We suppose, however, that there is such a thing—a
reversible machine—which lowers one unit of weight (a pound or any other unit)
by one unit of distance, and at the same time lifts a three-unit weight. Call this
reversible machine, Machine A. Suppose this particular reversible machine lifts
the three-unit weight a distance X. Then suppose we have another machine, Ma-
chine B, which is not necessarily reversible, which also lowers a unit weight a
unit distance, but which lifts three units a distance Y. We can now prove that Y
is not higher than X; that is, it is impossible to build a machine that will lift a
weight any higher than it will be lifted by a reversible machine. Let us see why.
Let us suppose that Y were higher than X. We take a one-unit weight and lower
it one unit height with Machine B, and that lifts the three-unit weight up a distance
V. Then we could lower the weight from Y to X, obtaining free power, and use
the reversible Machine A, running backwards, to lower the three-unit weight a
distance X and lift the one-unit weight by one unit height. This will put the
one-unit weight back where it was before, and leave both machines ready to be
used again! We would therefore have perpetual motion if ¥ were higher than X,
which we assumed was impossible. With those assumptions, we thus deduce that
Y is not higher than X, so that of all machines that can be designed, the reversible
machine is the best.

We can also see that all reversible machines must lift to exactly the same height.
Suppose that B were really reversible also. The argument that Y is not higher than
X is, of course, just as good as it was before, but we can also make our argument
the other way around, using the machines in the opposite order, and prove that
X is not higher than Y. This, then, is a very remarkable observation because it
permits us to analyze the height to which different machines are going to lift
something without looking at the interior mechanism. We know at once that if
somebody makes an enormously elaborate series of levers that lift three units a
certain distance by lowering one unit by one unit distance, and we compare it
with a simple lever which does the same thing and is fundamentally reversible,
his machine will lift it no higher, but perhaps less high. If his machine is re-
versible, we also know exactly how high it will lift. To summarize: every reversible
machine, no matter how it operates, which drops one pound one foot and lifts
a three-pound weight always lifts it the same distance, X. This is clearly a universal
law of great utility. The next question is, of course, what is X?

Suppose we have a reversible machine which is going to lift this distance X,
three for one. We set up three balls in a rack which does not move, as shown in
Fig. 4-2. One ball is held on a stage at a distance one foot above the ground. The
machine can lift three balls, lowering one by a distance 1. Now, we have arranged
that the platform which holds three balls has a floor and two shelves, exactly spaced
at distance X, and further, that the rack which holds the balls is spaced at distance
X, (a). First we roll the balls horizontally from the rack to the shelves, (b), and
we suppose that this takes no energy because we do not change the height. The
reversible machine then operates: it lowers the single ball to the floor, and it lifts
the rack a distance X, (c). Now we have ingeniously arranged the rack so that
these balls are again even with the platforms. Thus we unload the balls onto the
rack, (d); having unloaded the balls, we can restore the machine to its original
condition. Now we have three balls on the upper three shelves and one at the
bottom. But the strange thing is that, in a certain way of speaking, we have not
lifted rwo of them at all because, after all, there were balls on shelves 2 and.3
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before. The resulting effect has been to lift one ball a distance 3X. Now, if 3X
exceeds one foot, then we can lower the ball to return the machine to the initial
condition, (f), and we can run the apparatus again. Therefore 3 X cannot exceed
one foot, for if 3 X exceeds one foot we can make perpetual motion. Likewise,
we can prove that one foot cannot exceed 3X, by making the whole machine run
the opposite way, since it is a reversible machine. Therefore 3X is neither greater
nor less than a foot, and we discover then, by argument alone, the law that
X =  foot. The generalization is clear: one pound falls a certain distance in
operating a reversible machine; then the machine can lift p pounds this distance
divided by p. Another way of putting the result is that three pounds times the
height lifted, which in our problem was X, is equal to one pound times the distance
lowered, which is one foot in this case. If we take all the weights and multiply
them by the heights at which they are now, above the floor, let the machine operate,
and then multiply all the weights by all the heights again, there will be no change.
(We have to generalize the example where we moved only one weight to the case
where when we lower one we lift several different ones—but that is easy.)

We call the sum of the weights times the heights gravitational potential
energy—the energy which an object has because of its relationship in space, rela-
tive to the earth. The formula for gravitational energy, then, so long as we are
not too far from the earth (the force weakens as we go higher) is

potential energy | = (weight) X (height). 4.3)

gravitational
for one object

It is a very beautiful line of reasoning. The only problem is that perhaps it is not
true. (After all, nature does not have to go along with our reasoning.) JFor example,
perhaps perpetual motion is, in fact, possible. Some of the assumptions may be
wrong, or we may have made a mistake in reasoning, so it is always necessary to
check. It turns out experimentally, in fact, to be true.

The general name of energy which has to do with location relative to some-
thing else is called potential energy. In this particular case, of course, we call it
gravitational potential energy. If it is a question of electrical forces against which
we are working, instead of gravitational forces, if we are "lifting" charges away
from other charges with a lot of levers, then the energy content is called electrical
potential energy. The general principle is that the change in the energy is the force
times the distance that the force is pushed, and that this is a change in energy in
general:

change in) distance force
(energy ) = (foree) X (acts through ) 44

We will return to many of these other kinds of energy as we continue the course.

The principle of the conservation of energy is very useful for deducing what
will happen in a number of circumstances. In high school we learned a lot of laws
about pulleys and levers used in different ways. We can now see that these "laws"
are all the same thing, and that we did not have to memorize 75 rules to figure it out.
A simple example is a smooth inclined plane which is, happily, a three-four-five
triangle (Fig. 4-3). We hang a one-pound weight on the inclined plane with a
pulley, and on the other side of the pulley, a weight W. We want to know how
heavy W must be to balance the one pound on the plane. How can we figure that
out? If we say it is just balanced, it is reversible and so can move up and down,
and we can consider the following situation. In the initial circumstance, (a),
the one pound weight is at the bottom and weight W is at the top. When W has
slipped down in a reversible way, we have a one-pound weight at the top and the
weight W the slant distance, (b), or five feet, from the plane in which it was before.
We lifted the one-pound weight only three feet and we lowered W pounds by
five feet. Therefore W = £ of a pound. Note that we deduced this from the
conservation of energy, and not from force components. Cleverness, however, is
relative. It can be deduced in a way which is even more brilliant, discovered by
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Stevinus and inscribed on his tombstone. Figure 4-4 explains that it has to be
£ of a pound, because the chain does not go around. It is evident that the lower
part of the chain is balanced by itself, so that the pull of the five weights on one
side must balance the pull of three weights on the other, or whatever the ratio of
the legs. You see, by looking at this diagram, that W must be 2 of a pound.
(If you get an epitaph like that on your gravestone, you are doing fine.)

Let us now illustrate the energy principle with a more complicated problem,
the screw jack shown in Fig. 4-5. A handle 20 inches long is used to turn the screw,
which has 10 threads to the inch. We would like to know how much force would
be needed at the handle to lift one ton (2000 pounds). If we want to lift the ton
one inch, say, then we must turn the handle around ten times. When it goes around
once it goes approximately 126 inches. The handle must thus travel 1260 inches,
and if we used various pulleys, etc., we would be lifting our one ton with an un-
known smaller weight W applied to the end of the handle. So we find out that W
is about 16 pounds. This is a result of the conservation of energy.

Take now the somewhat more complicated example shown in Fig. 4-6. A rod
or bar, 8 feet long, is supported at one end. In the middle of the bar is a weight
of 60 pounds, and at a distance of two feet from the support there is a weight of
100 pounds. How hard do we have to lift the end of the bar in order to keep
it balanced, disregarding the weight of the bar? Suppose we put a pulley at one
end and hang a weight on the pulley. How big would the weight W have to be
in order for it to balance? We imagine that the weight falls any arbitrary dis-
tance—to make it easy for ourselves suppose it goes down 4 inches—how high
would-the two load weights rise? The center rises 2 inches, and the point a quarter
of the way from the fixed end lifts 1 inch. Therefore, the principle that the sum of
the heights times the weights does not change tells us that the weight W times
4 inches down, plus 60 pounds times 2 inches up, plus 100 pounds times 1 inch
has to add up to nothing:

—4W + (2)(60) + (1)(100) = 0, W = 551b. (4.5)

Thus we must have a 55-pound weight to balance the bar. In this way we can work
out the laws of "balance" —the statics of complicated bridge arrangements, and so
on. This approach is called the principle of virtual work, because in order to apply
this argument we had to imagine that the structure moves a little—even though
it is not really moving or even movable. We use the very small imagined motion
to apply the principle of conservation of energy.

4-3 Kinetic energy

To illustrate another type of energy we consider a pendulum (Fig. 4-7).
If we pull the mass aside and release it, it swings back and forth. In its motion,
it loses height in going from either end to the center. Where does the potential
energy go? Gravitational energy disappears when it is down at the bottom;
nevertheless, it will climb up again. The gravitational energy must have gone into
another form. Evidently it is by virtue of its motion that it is able to climb up again,
so we have the conversion of gravitational energy into some other form when it
reaches the bottom.

We must get a formula for the energy of motion. Now, recalling our arguments
about reversible machines, we can easily see that in the motion at the bottom
must be a quantity of energy which permits it to rise a certain height, and which
has nothing to do with the machinery by which it comes up or the path by which
it comes up. So we have an equivalence formula something like the one we wrote
for the child's blocks. We have another form to represent the energy. It is easy to
say what it is. The kinetic energy at the bottom equals the weight times the height
that it could go, corresponding to its velocity: K.E. = WH. What we need is
the formula which tells us the height by some rule that has to do with the motion
of objects. If we start something out with a certain velocity, say straight up, it
will reach a certain height; we do not know what it is yet, but it depends on the
velocity—there is a formula for that. Then to find the formula for kinetic energy
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for an object moving with velocity V, we must calculate the height that it could
reach, and multiply by the weight. We shall soon find that we can write it this way:

K.E. = WV?/2g. , (4.6)

Of course, the fact that motion has energy has nothing to do with the fact that
we are in a gravitational field. It makes no difference where the motion came from.
This is a general formula for various velocities. Both (4.3) and (4.6) are approxi-
mate formulas, the first because it is incorrect when the heights are great, ie.,
when the heights are so high that gravity is weakening; the second, because of the
relativistic correction at high speeds. However, when we do finally get the exact
formula for the energy, then the law of conservation of energy is correct.

4-4 Other forms of energy

We can continue in this way to illustrate the existence of energy in other forms.
First, consider elastic energy. If we pull down on a spring, we must do some work,
for when we have it down, we can lift weights with it. Therefore in its stretched
condition it has a possibility of doing some work. If we were to evaluate the sums
of weights times heights, it would not check out—we must add something else
to account for the fact that the spring is under tension. Elastic energy is the
formula for a spring when it is stretched. How much energy is it? If we let go,
the elastic energy, as the spring passes through the equilibrium point, is converted
to kinetic energy and it goes back and forth between compressing or stretching
the spring and kinetic energy of motion. (There is also some gravitational energy
going in and out, but we can do this experiment "sideways" if we like.) It keeps
going until the losses—Aha! We have cheated all the way through by putting
on little weights to move things or saying that the machines are reversible, or that
they go on forever, but we can see that things do stop, eventually. Where is the
energy when the spring has finished moving up and down? This brings in another
form of energy: heat energy.

Inside a spring or a lever there are crystals which are made up of lots of atoms,
and with great care and delicacy in the arrangement of the parts one can try to
adjust things so that as something rolls on something else, none of the atoms do
any jiggling at all. But one must be very careful. Ordinarily when things roll,
there is bumping and jiggling because of the irregularities of the material, and the
atoms start to wiggle inside. So we lose track of that energy; we find the atoms are
wiggling inside in a random and confused manner after the motion slows down.
There is still kinetic energy, all right, but it is not associated with visible motion.
What a dream! How do we know there is still kinetic energy? It turns out that
with thermometers you can find out that, in fact, the spring or the lever is warmer,
and that there is really an increase of kinetic energy by a definite amount. We call
this form of energy heat energy, but we know that it is not really a new form, it
is just kinetic energy —internal motion. (One of the difficulties with all these
experiments with matter that we do on a large scale is that we cannot really
demonstrate the conservation of energy and we cannot really make our reversible
machines, because every time we move a large clump of stuff, the atoms do not
remain absolutely undisturbed, and so a certain amount of random motion goes
into the atomic system. We cannot see it, but we can measure it with thermom-
eters, etc.)

There are many other forms of energy, and of course we cannot describe them
in any more detail just now. There is electrical energy, which has to do with push-
ing and pulling by electric charges. There is radiant energy, the energy of light,
which we know is a form of electrical energy because light can be represented as
wigglings in the electromagnetic field. There is chemical energy, the energy which
is released in chemical reactions. Actually, elastic energy is, to a certain extent,
like chemical energy, because chemical energy is the energy of the attraction of
the atoms, one for the other, and so is elastic energy. Our modern understanding
is the following: chemical energy has two parts, kinetic energy of the electrons
inside the atoms, so part of it is kinetic, and electrical energy of interaction of the
4-6



electrons and the protons—the rest of it, therefore, is electrical. Next we come to
nuclear energy, the energy which is involved with the arrangement of particles
inside the nucleus, and we have formulas for that, but we do not have the funda-
mental laws. We know that it is not electrical, not gravitational, and not purely
chemical, but we do not know what it is. It seems to be an additional form of
energy. Finally, associated with the relativity theory, there is a modification of
the laws of kinetic energy, or whatever you wish to call it, so that kinetic energy
is combined with another thing called mass energy. An object has energy from its
sheer existence. If I have a positron and an electron, standing still doing nothing
—never mind gravity, never mind anything—and they come together and dis-
appear, radiant energy will be liberated, in a definite amount, and the amount
can be calculated. All we need know is the mass of the object. It does not depend
on what it is—we make two things disappear, and we get a certain amount of
energy. The formula was first found by Einstein; it is E = mc’.

It is obvious from our discussion that the law of conservation of energy is
enormously useful in making analyses, as we have illustrated in a few examples
without knowing all the formulas. If we had all the formulas for all kinds of
energy, we could analyze how many processes should work without having to go
into the details. Therefore conservation laws are very interesting. The question
naturally arises as to what other conservation laws there are in physics. There
are two other conservation laws which are analogous to the conservation of
energy. One is called the conservation of linear momentum. The other is called
the conservation of angular momentum. We will find out more about these later.
In the last analysis, we do not-understand the conservation laws deeply. We do
not understand the conservation of energy. We do not understand energy as a
certain number of little blobs. You may have heard that photons come out in
blobs and that the energy of a photon is Planck's constant times the frequency.
That is true, but since the frequency of light can be anything, there is no law that
says that energy has to be a certain definite amount. Unlike Dennis' blocks, there
can be any amount of energy, at least as presently understood. So we do not under-
stand this energy as counting something at the moment, but just as a mathematical
quantity, which is an abstract and rather peculiar circumstance. In quantum
mechanics it turns out that the conservation of energy is very closely related to
another important property of the world, things do not depend on the absolute
time. We can set up an experiment at a given moment and try it out, and then do
the same experiment at a later moment, and it will behave in exactly the same
way. Whether this is strictly true or not, we do not know. If we assume that it
is true, and add the principles of quantum mechanics, then we can deduce Jhe
principle of the conservation of energy. It is a rather subtle and interesting thing,
and it is not easy to explain. The other conservation laws are also linked together.
The conservation of momentum is associated in quantum mechanics with the
proposition that it makes no difference where you do the experiment, the results
will always be the same. As independence in space has to do with the conserva-
tion of momentum, independence of time has to do with the conservation of
energy, and finally, if we furn our apparatus, this too makes no difference, and so
the invariance of the world to angular orientation is related to the conservation
of angular momentum. Besides these, there are three other conservation laws,
that are exact so far as we can tell today, which are much simpler to understand
because they are in the nature of counting blocks.

The first of the three is the comnservation of charge, and that merely means
that you count how many positive, minus how many negative electrical charges
you have, and the number is never changed. You may get rid of a positive with
a negative, but you do not create any net excess of positives over negatives. Two
other laws are analogous to this one—one is called the conservation of baryons.
There are a number of strange particles, a neutron and a proton are examples,
which are called baryons. In any reaction whatever in nature, if we count how
many baryons are coming into a process, the number of baryons* which come out

*Counting antibaryons as — 1 baryon.
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will be exactly the same. There is another law, the conservation of leptons. We
can say that the group of particles called leptons are: electron, mu meson, and
neutrino. There is an antielectron which is a positron, that is, a —1 lepton.
Counting the total number of leptons in a reaction reveals that the number in and
out never changes, at least so far as we know at present.

These are the six conservation laws, three of them subtle, involving space and
time, and three of them simple, in the sense of counting something.

With regard to the conservation of energy, we should note that available
energy is another matter—there is a lot of jiggling around in the atoms of the
water of the sea, because the sea has a certain temperature, but it is impossible
to get them herded into a definite motion without taking energy from somewhere
else. That is, although we know for a fact that energy is conserved, the energy
available for human utility is not conserved so easily. The laws which govern
how much energy is available are called the laws of thermodynamics and involve
a concept called entropy for irreversible thermodynamic processes.

Finally, we remark on the question of where we can get our supplies of energy
today. Our supplies of energy are from the sun, rain, coal, uranium, and hydrogen.
The sun makes the rain, and the coal also, so that all these are from the sun.
Although energy is conserved, nature does not seem to be interested in it; she
liberates a lot of energy from the sun, but only one part in two billion falls on the
earth. Nature has conservation of energy, but does not really care; she spends
a lot of it in all directions. We have already obtained energy from uranium;
we can also get energy from hydrogen, but at present only in an explosive and
dangerous condition. If it can be controlled in thermonuclear reactions, it turns
out that the energy that can be obtained from 10 quarts of water per second is equal
to all of the electrical power generated in the United States. With 150 gallons of
running water a minute, you have enough fuel to supply all the energy which is
used in the United States today! Therefore it is up to the physicist to figure out
how to liberate us from the need for having energy. It can be done.
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5

Time and Distance

5-1 Motion

In this chapter we shall consider some aspects of the concepts of time and
distance. It has been emphasized earlier that physics, as do all the sciences, de-
pends on observation. One might also say that the development of the physical
sciences to their present form has depended to a large extent on the emphasis
which has been placed on the making of quantitative observations. Only with
quantitative observations can one arrive at quantitative relationships, which are
the heart of physics.

Many people would like to place the beginnings of physics with the work
done 350 years ago by Galileo, and to call him the first physicist. Until that time,
the study of motion had been a philosophical one based on arguments that could
be thought up in one's head. Most of the arguments had been presented by
Aristotle and other Greek philosophers, and were taken as "proven." Galileo
was skeptical, and did an experiment on motion which was essentially this: He
allowed a ball to roll down an inclined trough and observed the motion. He did
not, however, just look; he measured how far the ball went in how long a time.

The way to measure a distance was well known long before Galileo, but there
were no accurate ways of measuring time, particularly short times. Although he
later devised more satisfactory clocks (though not like the ones we know), Galileo's
first experiments on motion were done by using his pulse to count off equal in-
tervals of time. Let us do the same.

We may count off beats of a pulse as the ball rolls down the track: "one .. .
two ... three .. . four .. . five ... six ... seven . . . eight..." We ask a friend to
make a small mark at the location of the ball at each count; we can then measure
the distance the ball travelled from the point of release in one, or two, or three,
etc., equal intervals of time. Galileo expressed the result of his observations in
this way: if the location of the ball is marked at 1, 2, 3, 4,... units of time from
the instant ofIts release, those marks are distant from the starting point in propor-
tion to the numbers 1, 4, 9, 16, ... Today we would say the distance is propor-
tional to the square of the time:

D « £2

The study of motion, which is basic to all of physics, treats with the questions:
where? and when?

52 Time

Let us consider first what we mean by time. What is time? It would be nice
if we could find a good definition of time. Webster defines "a time" as "a period,"
and the latter as "a time," which doesn't seem to be very useful. Perhaps we should
say: "Time is what happens when nothing else happens." Which also doesn't
get us very far. Maybe it is just as well if we face the fact that time is one of the
things we probably cannot define (in the dictionary sense), and just say that it
is what we already know it to be: it is how long we wait!

What really matters anyway is not how we define time, but how we measure
it. One way of measuring time is to utilize something which happens over and
over again in a regular fashion—something which is periodic. For example, a
day. A day seems to happen over and over again. But when you begin to think
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about it, you might well ask: "Are days periodic; are they regular? Are all days
the same length?" One certainly has the impression that days in summer are longer
than days in winter. Of course, some of the days in winter seem to get awfully
long if one is very bored. You have certainly heard someone say, "My, but this
has been a long day!"

It does seem, however, that days are about the same length on the average.
Is there any way we can test whether the days are the same length—either from
one day to the next, or at least on the average? One way is to make a comparison
with some other periodic phenomenon. Let us see how such a comparison might
be made with an hour glass. With an hour glass, we can "create" a periodic
occurrence if we have someone standing by it day and night to turn it over when-
ever the last grain of sand runs out.

We could then count the turnings of the glass from each morning to the next.
We would find, this time, that the number of "hours" (i.e., turnings of the glass)
was not the same each "day." We should distrust the sun, or the glass, or both.
After some thought, it might occur to us to count the "hours" from noon to noon.
(Noon is here defined not as 12:00 o'clock, but that instant when the sun is at its
highest point.) We would find, this time, that the number of "hours" each day
is the same.

We now have some confidence that both the "hour" and the "day" have a
regular periodicity, ie., mark off successive equal intervals of time, although we
have not proved that either one is "really" periodic. Someone might question
whether there might not be some omnipotent being who would slow down the
flow of sand every night and speed it up during the day. Our experiment does not,
of course, give us an answer to this sort of question. All we can say is that we find
that a regularity of one kind fits together with a regularity of another kind. We
can just say that we base our definition of time on the repetition of some apparently
periodic event.

5-3 Short times

We should now notice that in the process of checking on the reproducibility
of the day, we have received an important by-product. We have found a way of
measuring, more accurately, fractions of a day. We have found a way of counting
time in smaller pieces. Can we carry the process further, and learn to measure
even smaller intervals of time?

Galileo decided that a given pendulum always swings back and forth in equal
intervals of time so long as the size of the swing is kept small. A test comparing
the number of swings of a pendulum in one "hour" shows that such is indeed the
case. We can in this way mark fractions of an hour. If we use a mechanical device
to count the swings—and to keep them going—we have the pendulum clock of
our grandfathers.

Let us agree that if our pendulum oscillates 3600 times in one hour (and if
there are 24 such hours in a day), we shall call each period of the pendulum one
"second." We have then divided our original unit of time into approximately
105 parts. We can apply the same principles to divide the second into smaller and
smaller intervals. It is, you will realize, not practical to make mechanical pen-
dulums which go arbitrarily fast, but we can now make electrical pendulums,
called oscillators, which can provide a periodic occurr—nce with a very short
period of swing. In these electronic oscillators it is an electrical current which
swings to and fro, in a manner analogous to the swinging of the bob of the pendulum.

We can make a series of such electronic oscillators, each with a period 10
times shorter than the previous one. We may "calibrate" each oscillator against
the next slower one by counting the number of swings it makes for one swing of
the slower oscillator. When the period of oscillation of our clock is shorter than
a fraction of a second, we cannot count the oscillations without the help of some
device which extends our powers of observation. One such device is the electron-
beam oscilloscope, which acts as a sort of microscope for short times. This device
plots on a fluorescent screen a graph of electrical current (or voltage) versus time.
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By connecting the oscilloscope to two of our oscillators in sequence, so that it
plots a graph first of the current in one of our oscillators and then of the current
in the other, we get two graphs like those shown in Fig. 5-2. We can readily
determine the number of periods of the faster oscillator in one period of the
slower oscillator.

With modern electronic techniques, oscillators have been built with periods
as short as about 107'? second, and they have been calibrated (by comparison
methods such as we have described) in terms of our standard unit of time, the
second. With the invention and perfection of the "laser," or light amplifier, in
the past few years, it has become possible to make oscillators with even shorter
periods than 10~!2 second, but it has not yet been possible to calibrate them by
the methods which have been described, although it will no doubt soon be possible.

Times shorter than 102 second have been measured, but by a different tech-
nique. In effect, a different definition of "time" has been used. One way has been
to observe the distance between two happenings on a moving object. If, for
example, the headlights of a moving automobile are turned on and then off,
we can figure out how long the lights were on if we know where they were turned
on and off and how fast the car was moving. The time is the distance over which
the lights were on divided by the speed.

Within the past few years, just such a technique was used to measure the
lifetime of the m°-meson. By observing in a microscope the minute tracks left in
a photographic emulsion in which n°-mesons had been created one saw that a
m°-meson (known to be travelling at a certain speed nearly that of light) went a
distance of about 107 meter, on the average, before disintegrating. It lived for
only about 10716 sec. It should be emphasized that we have here used a some-
what different definition of "time" than before. So long as there are no inconsist-
encies in our understanding, however, we feel fairly confident that our definitions
are sufficiently equivalent. Fig. 5-2. Two views of an oscilloscope

By extending our techniques—and if necessary our definitions—still further  screen. In (a) the oscilloscope is connected
we can infer the time duration of still faster physical events. We can speak of the 10 one oscillator, in (b) it is connected to an
period of a nuclear vibration. We can speak of the lifetime of the newly discovered ~ ©Scillator with a period one-tenth as long.
strange resonances (particles) mentioned in Chapter 2. Their complete life occupies
a time span of only 10 second, approximately the time it would take light
(which moves at the fastest known speed) to cross the nucleus of hydrogen (the
smallest known object).

What about still smaller times? Does "time" exist on a still smaller scale?

Does it make any sense to speak of smaller times if we cannot measure—or
perhaps even think sensibly about—something which happens in a shorter time?
Perhaps not. These are some of the open questions which you will be asking and
perhaps answering in the next twenty or thirty years.

I
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5-4 Long times

Let us now consider times longer than one day. Measurement of longer times
is easy; we just count the days—so long as there is someone around to do the-
counting. First we find that there is another natural periodicity: the year, about
365 days. We have also discovered that nature has sometimes provided a counter
for the years, in the form of tree rings or river-bottom sediments. In some cases JRADIOACTIVITY
we can use these natural time markers to determine the time which has passed
since some early event.

When we cannot count the years for the measurement of long times, we must
look for other ways to measure. One of the most successful is the use of radio- 1724
active material as a "clock." In this case we do not have a periodic occurrence,

4+ — — — -
as for the day or the pendulum, but a new kind of "regularity." We find that the ll//g-—~—+——£————-—{ ————— ‘ N
radioactivity of a particular sample of material decreases by the same fraction o T 21 37 TIME
for successive equal increases in its age. If we plot a graph of the radioactivity
observed as a function of time (say in days), we obtain a curve like that shown in Fig. 53. The decrease with time of

Fig. 5-3. We observe that if the radioactivity decreases to one-half in 7 days  radioactivity. The activity decreases by
(called the "half-life"), then it decreases to one-quarter in another 7 days, and so  one-half in each "half-life," T.
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TIMES

MEAN
YEARS SECONDS LIFE OF
22222222
1018 Age of universe
10° Age of earth u238
1015
106 Earliest men
1012 Age of pyramids
1 03 R0226
Age of U.S.
109 Life of a man . H3
1
108
One day
108 Light goes from sun to earth  Neutron
1 One heart beat
103 Period of sound wave
10—6 Period of radiowave Muon
rE-meson
10-° Light travels one foot
1012 Period of molecular rotation
10-15 Period of atomic vibration
* 7°-meson
10-18 Light crosses an atom
]0—21
Period of nuclear vibration '
1024 Light crosses a nucleus Strange
particle
222238 %2¢2

on. In an arbitrary time interval ¢ there are #7T "half-lives," and the fraction left
after this time 7 is (3)"7.

If we knew that a piece of material, say a piece of wood, had contained an
amount A of radioactive material when it was formed, and we found out by a direct
measurement that it now contains the amount B, we could compute the age of
the object, ¢, by solving the equation

@' = B/A.

There are, fortunately, cases in which we can know the amount of radioactivity
that was in an object when it was formed. We know, for example, that the carbon
dioxide in the air contains a certain small fraction of the radioactive carbon
isotope C'* (replenished continuously by the action of cosmic rays). If we measure
the fotal carbon content of an object, we know that a certain fraction of that amount
was originally the radioactive C'*; we know, therefore, the starting amount A
to use in the formula above. Carbon-14 has a half-life of 5000 years. By careful
measurements we can measure the amount left after 20 half-lives or so and can
therefore "date" organic objects which grew as long as 100,000 years ago.

We would like to know, and we think we do know, the life of still older things.
Much of our knowledge is based on the measurements of other radioactive iso-
topes which have different half-lives. If we make measurements with an isotope
with a longer half-life, then we are able to measure longer times. Uranium, for
example, has an isotope whose half-life is about 10° years, so that if some material
was formed with uranium in it 10° years ago, only half the uranium would remain
today. When the uranium disintegrates, it changes into lead. Consider a piece
of rock which was formed a long time ago in some chemical process. Lead, being
of a chemical nature different from uranium, would appear in one part of the rock
and uranium would appear in another part of the rock. The uranium and lead
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would be separate. If we look at that piece of rock today, where there should only
be uranium we will how find a certain fraction of uranium and a certain fraction
of lead. By comparing these fractions, we can tell what percent of the uranium
disappeared and changed into lead. By this method, the age of certain rocks has
been determined to be several billion years. An extension of this method, not
using particular rocks but looking at the uranium and lead in the oceans and using
averages over the earth, has been used to determine (within the past few years)
that the age of the earth itself is approximately 5.5 billion years.

It is encouraging that the age of the earth is found to be the same as the age
of the meteorites which land on the earth, as determined by the uranium method.
It appears that the earth was formed out of rocks floating in space, and that the
meteorites are, quite likely, some of that material left over. At some time more than
five billion years ago, the universe started. It is now believed that at least our part
of the universe had its beginning about ten or twelve billion years ago. We do
not know what happened before then. In fact, we may well ask again: Does the
question make any sense? Does an earlier time have any meaning?

5-5 Units and standards of time

We have implied that it is convenient if we start with some standard unit of
time, say a day or a second, and refer all other times to some multiple or fraction
of this unit. What shall we take as our basic standard of time? Shall we take the
human pulse? If we compare pulses, we find that they seem to vary a lot. On
comparing two clocks, one finds they do not vary so much. You might then say,
well, let us take a clock. But whose clock? There is a story of a Swiss boy who
wanted all of the clocks in his town to ring noon at the same time. So he went
around trying to convince everyone of the value of this. Everyone thought it was
a marvelous idea so long as all of the other clocks rang noon when his did! It is
rather difficult to decide whose clock we should take as a standard. Fortunately,
we all share one clock—the earth. For a long time the rotational period of the
earth has been taken as the basic standard of time. As measurements have been
made more and more precise, however, it has been found that the rotation of the
earth is not exactly periodic, when measured in terms of the best clocks. These
"best" clocks are those which we have reason to believe are accurate because they
agree with each other. We now believe that, for various reasons, some days are
longer than others, some days are shorter, and on the average the period of the
earth becomes a little longer as the centuries pass.

Until very recently we had found nothing much better than the earth's
period, so all clocks have been related to the length of the day, and the second
has been defined as 1/86400 of an average day. Recently we have been gaining
experience with some natural oscillators which we now believe would provide a
more constant time reference than the earth, and which are also based on a natural
phenomenon available to everyone. These are the so-called "atomic clocks."
Their basic internal period is that of an atomic vibration which is very insensitive
to the temperature or any other external effects. These clocks keep time to an
accuracy of one part in 109 or better. Within the past two years an improved
atomic clock which operates on the vibration of the hydrogen atom has been de-
signed and built by Professor Norman Ramsey at Harvard University. He believes
that this clock might be 100 times more accurate still. Measurements now in
progress will show whether this is true or not.

We may expect that since it has been possible to build clocks much more
accurate than astronomical time, there will soon be an agreement among scientists
to define the unit of time in terms of one of the atomic clock standards.

5-6 Large distances

Let us now turn to the question of distance. How far, or how big, are things?
Everybody knows that the way you measure distance is to start with a stick and
count. Or start with a thumb and count. You begin with a unit and count. How
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does one measure smaller things? How does one subdivide distance? In the same
way that we subdivided time: we take a smaller unit and count the number of
such units it takes to make up the longer unit. So we can measure smaller and
smaller lengths.

But we do not always mean by distance what one gets by counting off with a
meter stick. It would be difficult to measure the horizontal distance between two
mountain tops using only a meter stick. We have found by experience that dis-
tance can be measured in another fashion: by triangulation. Although this means
that we are really using a different definition of distance, when they can both be
used they agree with each other. Space is more or less what Euclid thought it
was, so the two types of definitions of distance agree. Since they do agree on the
earth it gives us some confidence in using triangulation for still larger distances.
For example, we were able to use triangulation to measure the height of the first
Sputnik. We found that it was roughly 5 X 10° meters high. By more careful
measurements the distance to the moon can be measured in the same way. Two
telescopes at different places on the earth can give us the two angles we need.
It has been found in this way that the moon is 4 X 10® meters away.

We cannot do the same with the sun, or at least no one has been able to yet.
The accuracy with which one can focus on a given point on the sun and with which
one can measure angles is not good enough to permit us to measure the distance
to the sun. Then how can we measure the distance to the sun? We must invent
an extension of the idea of triangulation. We measure the relative distances of
all the planets by astronomical observations of where the planets appear to be,
and we get a picture of the solar system with the proper relative distances of every-
thing, but with no absolute distance. One absolute measurement is then required,
which has been obtained in a number of ways. One of the ways, which was believed
until recently to be the most accurate, was to measure the distance from the earth
to Eros, one of the small planetoids which passes near the earth every now and then.
By triangulation on this little object, one could get the one required scale measure-
ment. Knowing the relative distances of the rest, we can then tell the distance, for
example, from the earth to the sun, or from the earth to Pluto.

Within the past year there has been a big improvement in our knowledge of
the scale of the solar system. At the Jet Propulsion Laboratory the distance from
the earth to Venus was measured quite accurately by a direct radar observation.
This, of course, is a still different type of inferred distance. We say we know
the speed at which light travels (and therefore, at which radar waves travel),
and we assume that it is the same speed everywhere between the earth and Venus.
We send the radio wave out, and count the time until the reflected wave comes
back. From the time we infer a distance, assuming we know the speed. We have
really another definition of a measurement of distance.

How do we measure the distance to a star, which is much farther away?
Fortunately, we can go back to our triangulation method, because the earth moving
around the sun gives us a large baseline for measurements of objects outside the
solar system. If we focus a telescope on a star in summer and in winter, we might
hope to determine these two angles accurately enough to be able to measure the
distance to a star.

What if the stars are too far away for us to use triangulation? Astronomers
are always inventing new ways of measuring distance. They find, for example,
that they can estimate the size and brightness of a star by its color. The color
and brightness of many nearby stars—whose distances are known by triangula-
tion—have been measured, and it is found that there is a smooth relationship
between the color and the intrinsic brightness of stars (in most cases). If one now
measures the color of a distant star, one may use the color-brightness relationship
to determine the intrinsic brightness of the star. By measuring how bright the star
appears to us at the earth (or perhaps we should say how dim it appears), we can
compute how far away it is. (For a given intrinsic brightness, the apparent bright-
ness decreases with the square of the distance.) A nice confirmation of the correct-
ness of this method of measuring stellar distances is given by the results obtained
for groups of stars known as globular clusters. A photograph of such a group is
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Fig. 5-6. A cluster of stars near the center of our galaxy. Their distance from the
earth is 30,000 light-years, or about 3 X 102° meters.

shown in Fig. 5-6. Just from looking at the photograph one is convinced that these
stars are all together. The same result is obtained from distance measurements
by the color-brightness method.

A study of many globular clusters gives another important bit of informa-
tion. It is found that there is a high concentration of such clusters in a certain
part of the sky and that most of them are about the same distance from us. Cou-
pling this information with other evidence, we conclude that this concentration of
clusters marks the center of our galaxy. We then know the distance to the center
of the galaxy—about 10* meters.

Knowing the size of our own galaxy, we have a key to the measurement of
still larger distances—the distances to other galaxies. Figure 5-7 is a photograph
of a galaxy, which has much the same shape as our own. Probably it is the same
size, too. (Other evidence supports the idea that galaxies are all about the same
size.) Ifitis the same size as ours, we can tell its distance. We measure the angle
it subtends in the sky; we know its diameter, and we compute its distance—
triangulation again!

Fig. 5-7. A spiral galaxy like our own. Presuming that its diameter is similar to
that of our own galaxy, we may compute its distance from its apparent size. It is 30
million light-years (3 X 10%° meters) from the earth.
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Fig. 5-8. The most distant object, 3C295 in BOOTES (indicated by the arrow),
measured by the 200-inch telescope to date (1960).

Photographs of exceedingly distant galaxies have recently been obtained with
the giant Palomar telescope. One is shown in Fig. 5-8. It is now believed that
some of these galaxies are about halfway to the limit of the universe — 1026 meters
away —the largest distance we can contemplate!

5-7 Short distances

Now let's think about smaller distances. Subdividing the meter is easy. With-
out much difficulty we can mark off one thousand equal spaces which add up to
one meter. With somewhat more difficulty, but in a similar way (using a good
microscope), we can mark off a thousand equal subdivisions of the millimeter to
make a scale of microns (millionths of a meter). It is difficult to continue to smaller
scales, because we cannot "see" objects smaller than the wavelength of visible
light (about 5 X 1077 meter).

We need not stop, however, at what we can see. With an electron microscope,
we can continue the process by making photographs on a still smaller scale, say
down to 1078 meter (Fig. 5-9). By indirect measurements—by a kind oftriangula-
tion on a microscopic scale— we can continue to measure to smaller and smaller
scales. First, from an observation of the way light of short wavelength (x-radiation)
is reflected from a pattern of marks of known separation, we determine the wave-

2

Fig. 5-9. Electron micrograph of some virus molecules. The "large" sphere is for
calibration and is known to have a diameter of 2 X 10~ meter (2000 A).
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length of the light vibrations. Then, from the pattern of the scattering of the same
light from a crystal, we can determine the relative location of the atoms in the
crystal, obtaining results which agree with the atomic spacings also determined
by chemical means. We find in this way that atoms have a diameter of about
10-10 meter.

There is a large "gap" in physical sizes between the typical atomic dimension
of about 10~ 1% meter and the nuclear dimensions 10~ 1% meter, 103 times smaller.
For nuclear sizes, a different way of measuring size becomes convenient. We meas-
ure the apparent area, o, called the effective cross section. If we wish the radius,
we can obtain it from ¢ == =r?, since nuclei are nearly spherical.

Measurement of a nuclear cross section can be made by passing a beam of
high-energy particles through a thin slab of material and observing the number
of particles which do not get through. These high-energy particles will plow right
through the thin cloud of electrons and will be stopped or deflected only if they
hit the concentrated weight of a nucleus. Suppose we have a piece of material
1 centimeter thick. There will be about 10° atomic layers. But the nuclei are so
small that there is little chance that any nucleus will lie behind another. We might
imagine that a highly magnified view of the situation—looking along the particle
beam—would look like Fig. 5-10.

The chance that a very small particle will hit a nucleus on the trip through
is just the total area covered by the profiles of the nuclei divided by the total
area in the picture. Suppose that we know that in an area A of our slab of material
there are N atoms (each with one nucleus, of course). Then the total area "covered"
by the nucleiis No/A. Now let the number of particles of our beam which arrive
at the slab be #; and the number which come out the other side be ny. The frac-
tion which do not get through is (n1 -ng)/n,
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fraction of the area covered. We can obtain the radius of the nucleus from the
equation*®
2 ___An —n
wr =0 = N n—l'
From such an experiment we find that the radii of the nuclei are from about 1 to 6
times 10715 meter. The length unit 10~!% meter is called fhe fermi, in honor of
Enrico Fermi (1901-1958).

What do we find if we go to smaller distances? Can we measure smaller
distances ? Such questions are not yet answerable. It has been suggested that the
still unsolved mystery of nuclear forces may be unravelled only by some modifica-
tion of our idea of space, or measurement, at such small distances.

It might be thought that it would be a good idea to use some natural length
as our unit of length—say the radius of the earth or some fraction of it. The
meter was originally intended to be such a unit and was defined to be (m/2) X 107
times the earth's radius. It is neither convenient nor very accurate to determine
the unit of length in this way. For a long time it has been agreed internationally
that the meter would be defined as the distance between two scratches on a bar
kept in a special laboratory in France. More recently, it has been realized that
this definition is neither as precise as would be useful, nor as permanent or universal
as one would like. It is currently being considered that a new definition be adopted,
an agreed-upon (arbitrary) number of wavelengths of a chosen spectral line.

Measurements of distance and of time give results which depend on the ob-
server. Two observers moving with respect to each other will not measure the same
distances and times when measuring what appear to be the same things. Distances
and time intervals have different magnitudes, depending on the coordinate system
(or "frame of reference") used for making the measurements. We shall study this
subject in more detail in a later chapter.

Perfectly precise measurements of distances or times are not permitted by the
laws of nature. We have mentioned earlier that the errors in a measurement of
the position of an object must be at least as large as

Ax = h/Ap,

where & is a small quantity called "Planck's constant" and Ap is the error in
our knowledge of the momentum (mass times velocity) of the object whose posi-
tion we are measuring. It was also mentioned that the uncertainty in position
measurements is related to the wave nature of particles.

The relativity of space and time implies that time measurements have also a
minimum error, given in fact by

At = h/AE,

where AE is the error in our knowledge of the energy of the process whose time
period we are measuring. If we wish to know more precisely when something
happened we must know less about what happened, because our knowledge of
the energy involved will be less. The time uncertainty is also related to the wave
nature of matter.

* This equation is right only if the area covered by the nuclei is a small fraction of the
total, i.e., if (n1 — n2)/ny is much less than 1. Otherwise we must make a correction
for the fact that some nuclei will be partly obscured by the nuclei in front of them.
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6

Probability

“The true logic of this world is in the calculus of probabilities.”
—James Clerk Maxwell

6-1 Chance and likelihood

“Chance” is a word which is in common use in everyday living. The radio
reports speaking of tomorrow’s weather may say: “There is a sixty percent chance
of rain.” You might say: “There is a small chance that I shall live to be one
hundred years old.” Scientists also use the word chance. A seismologist may be
interested in the question: “What is the chance that there will be an earthquake
of a certain size in Southern California next year?”” A physicist might ask the ques-
tion: “What is the chance that a particular geiger counter will register twenty
counts in the next ten seconds?” A politician or statesman might be interested
in the question: “What is the chance that there will be a nuclear war within the
next ten years?”’ You may be interested in the chance that you will learn some-
thing from this chapter.

By chance, we mean something like a guess. Why do we make guesses?
We make guesses when we wish to make a judgment but have incomplete infor-
mation or uncertain knowledge. We want to make a guess as to what things are,
or what things are likely to happen. Often we wish to make a guess because we
have to make a decision. For example: Shall I take my raincoat with me tomorrow ?
For what earth movement should I design a new building? Shall I build myself
a fallout shelter? Shall I change my stand in international negotiations? Shall
I go to class today?

Sometimes we make guesses because we wish, with our limited knowledge,
to say as much as we can about some situation. Really, any generalization is in
the nature of a guess. Any physical theory is a kind of guesswork. There are good
guesses and there are bad guesses. The theory of probability is a system for making
better guesses. The language of probability allows us to speak quantitatively
about some situation which may be highly variable, but which does have some
consistent average behavior.

Let us consider the flipping of a coin. If the toss—and the coin—are *“‘honest,”
we have no way of knowing what to expect for the outcome of any particular toss.
Yet we would feel that in a large number of tosses there should be about equal
numbers of heads and tails. We say: “The probability that a toss will land heads
is 0.5.”

We speak of probability only for observations that we contemplate being made
in the future. By the “probability” of a particular outcome of an observation we
mean our estimate for the most lkely fraction of a number of repeated observa-
tions that will yield that particular outcome. If we imagine repeating an observa-
tion—such as looking at a freshly tossed coin—AN times, and if we call N4 our
estimate of the most likely number of our observations that will give some specified
result 4, say the result “heads,” then by P(A4), the probability of observing 4,
we mean

P(4) = N4/N. 6.1)

Our definition requires several comments. First of all, we may speak of a
probability of something happening only if the occurrence is a possible outcome
of some repeatable observation. It is not clear that it would make any sense to
ask: “What is the probability that there is a ghost in that house?”’

6-1
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You may object that no situation is exactly repeatable. That is right. Every
different observation must at least be at a different time or place. All we can say
is that the “repeated’” observations should, for our intended purposes, appear
to be equivalent. We should assume, at least, that each observation was made
from an equivalently prepared situation, and especially with the same degree of
ignorance at the start. (If we sneak a look at an opponent’s hand in a card game,
our estimate of our chances of winning are different than if we do not')

We should emphasize that N and N4 in Eq. (6.1) are not intended to represent
numbers based on actual observations. N, is our best estimate of what would
occur in N unagined observations. Probability depends, therefore, on our knowledge
and on our ability to make estimates. In effect, on our common sense! Fortunately,
there is a certain amount of agreement in the common sense of many things, so
that different people will make the same estimate. Probabilities need not, however,
be “absolute” numbers. Since they depend on our ignorance, they may become
different if our knowledge changes.

You may have noticed another rather “subjective” aspect of our definition
of probability. We have referred to N4 as “our estimate of the most likely num-
ber...” We do not mean that we expect to observe exactly N 4, but that we expect
a number near N4, and that the number N4 is more likely than any other number
in the vicinity. If we toss a coin, say, 20 times, we should expect that the number
of heads would not be very likely to be exactly 15, but rather only some number
near to 15, say 12, 13, 14, 15, 16, or 17. However, if we must choose, we would
decide that 15 heads is more Lkely than any other number. We would write
P(heads) = 0.5.

Why did we choose 15 as more likely than any other number? We must
have argued with ourselves in the following manner: If the most likely number of
heads is Ny in a total number of tosses N, then the most likely number of tails
Nris (N — Ng). (We are assuming that every toss gives either heads or tails,
and no “other” result!) But if the coin is “honest,” there is no preference for heads
or tails. Until we have some reason to think the coin (or toss) is dishonest, we must
give equal likelihoods for heads and tails. So we must set Ny = Ng. It follows
that Ny = Ny = N/2, or P(H) = p(T) = 0.5.

We can generalize our reasoning to any situation in which there are m dif-
ferent but “equivalent” (that is, equally likely) possible results of an observation.
If an observation can yield m different results, and we have reason to believe that
any one of them is as likely as any other, then the probability of a particular
outcome A4 is P(4) = 1/m.

If there are seven different-colored balls in an opaque box and we pick one
out “at random™ (that is, without looking), the probability of getting a ball of a
particular color is #. The probability that a “blind draw” from a shuffled deck
of 52 cards will show the ten of hearts is &. The probability of throwing a double-
one with dice is 4.

In Chapter 5 we described the size of a nucleus in terms of its apparent area, or
““cross section.” When we did so we were really talking about probabilities. When we
shoot a high-energy particle at a thin slab of material, there is some chance that it will
pass right through and some chance that it will hit a nucleus. (Since the nucleus is so
small that we cannot see it, we cannot aim right at a nucleus. We must “shoot blind.”)
If there are » atoms in our slab and the nucleus of each atom has a cross-sectional area
o, then the total area “shadowed” by the nuclei is no. In a large number N of random
shots, we expect that the number of hits N of some nucleus will be 1n the ratio to N as
the shadowed area 1s to the total area of the slab:

N¢/N = nofA. (6.2)
We may say, therefore, that the probability that any one projectile particle will suffer
a collision in passing through the slab is
n

Py = y a, 6.3)

where n/A is the number of atoms per unit area in our slab.
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6-2 Fluctuations

We would like now to use our ideas about probability to consider in some
greater detail the question: “How many heads do I really expect to get if I toss
a coin N times?” Before answering the question, however, let us look at what
does happen in such an ‘“‘experiment.” Figure 6-1 shows the results obtained in
the first three “runs’ of such an experiment in which N = 30. The sequences of
‘“heads” and “‘tails” are shown just as they were obtained. The first game gave
11 heads; the second also 11; the third 16. In three trials we did not once get 15
heads. Should we begin to suspect the coin? Or were we wrong in thinking that
the most likely number of “heads” in such a game is 15? Ninety-seven more runs
were made to obtain a total of 100 experiments of 30 tosses each. The results
of the experiment are given in Table 6-1.*

Table 6-1
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Fig. 6-2. Summary of the results of 100 games of 30 tosses each. The vertical
bars show the number of games in which a score of k heads was obtained. The dashed
curve shows the expected numbers of games with the score k obtained by a proba-

bility computation.

Looking at the numbers in Table 6-1, we see that most of the results are
“near” 15, in that they are between 12 and 18. We can get a better feeling for the
details of these results if we plot a graph of the distribution of the results. We
count the number of games in which a score of & was obtained, and plot this
number for each k. Such a graph is shown in Fig. 6-2. A score of 15 heads was
obtained in 13 games. A score of 14 heads was also obtained 13 times. Scores of
16 and 17 were each obtained more than 13 times. Are we to conclude that there
is some bias toward heads? Was our “‘best estimate’ not good enough? Should

* After the first three games, the experiment was actually done by shaking 30 pennies
violently 1n a box and then counting the number of heads that showed.
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we conclude now that the “most likely” score for a run of 30 tosses is really 16
heads? But wait! In all the games taken together, there were 3000 tosses. And the
total number of heads obtained was 1492. The fraction of tosses that gave heads
is 0.497, very nearly, but slightly /ess than half. We should certainly not assume
that the probability of throwing heads is greater than 0.5! The fact that one par-
ticular set of observations gave 16 heads most often, is a fluctuation. We still expect
that the most likely number of heads is 15.

We may ask the question: “What is the probability that a game of 30 tosses
will yield 15 heads—or 16, or any other number?” We have said that in a game
of one toss, the probability of obtaining one head is 0.5, and the probability of
obtaining no head is 0.5. In a game of two tosses there are four possible outcomes:
HH, HT, TH, TT. Since each of these sequences is equally likely, we conclude
that (a) the probability of a score of two heads is 1, (b) the probability of a score
of one head is %, (c) the probability of a zero score is 3. There are two ways of
obtaining one head, but only one of obtaining either zero or two heads.

Consider now a game of 3 tosses. The third toss is equally likely to be heads
or tails. There is only one way to obtain 3 heads: we must have obtained 2 heads
on the first two tosses, and then heads on the last. There are, however, three ways
of obtaining 2 heads. We could throw tails after having thrown two heads (one
way) or we could throw heads after throwing only one head in the first two tosses
(two ways). So for scores of 3-H, 2-H, 1-H, 0-H we have that the number of equally
likely ways is 1, 3, 3, 1, with a total of 8 different possible sequences. The prob-
abilities are §, 2, §, &

The argument we have been making can be summarized by a diagram like that
in Fig. 6-3. Itis clear how the diagram should be continued for games with a larger
number of tosses. Figure 6—4 shows such a diagram for a game of 6 tosses. The
number of ‘“‘ways” to any point on the diagram is just the number of different
“paths” (sequences of heads and tails) which can be taken from the starting point.
The vertical position gives us the total number of heads thrown. The set of num-
bers which appears in such a diagram is known as Pascal’s triangle. The numbers
are also known as the binomial coefficients, because they also appear in the ex-
pansion of (@ + b)*. If we call n the number of tosses and k the number of heads
thrown, then the numbers in the diagram are usually designated by the symbol
(3). We may remark in passing that the binomial coefficients can also be com-

puted from
ny _ n!
k)~ kK@n— k)’

where n!, called “n-factorial,” represents the product (n)(n — 1)(n — 2)...(3)
@)

We are now ready to compute the probability P(k, n) of throwing k heads in
n tosses, using our definition Eq. (6.1). The total number of possible sequences
is 2™ (since there are 2 outcomes for each toss), and the number of ways of obtain-
ing k heads is (), all equally likely, so we have

P(k,n) = -2;%

(6.4)

(6.5)

Since P(k, n) is the fraction of games which we expect to yield k heads, then
in 100 games we should expect to find k heads 100 - P(k, n) times. The dashed
curve in Fig. 6-2 passes through the points computed from 100 - P(k, 30). We
see that we expect to obtain a score of 15 heads in 14 or 15 games, whereas this
score was observed in 13 games. We expect a score of 16 in 13 or 14 games, but
we obtained that score in 16 games. Such fluctuations are “part of the game.”

The method we have just used can be applied to the most general situation
in which there are only two possible outcomes of a single observation. Let us
designate the two outcomes by W (for “win’”) and L (for “lose™). In the general
case, the probability of W or L in a single event need not be equal. Let p be the
probability of obtaining the result W. Then g, the probability of L, is necessarily
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(1 — p). In a set of n trials, the probability P(k, n) that W will be obtained k
times is
P(k,n) = (3)prq . (6.6)

This probability function is called the Bernoulli or, also, the binomial probability.

6-3 The random walk

There is another interesting problem in which the idea of probability is re-
quired. Itis the problem of the “random walk.” In its simplest version, we imagine
a “game” in which a “player” starts at the point x = 0 and at each “move”
is required to take a step either forward (toward +x) or backward (toward — x).
The choice is to be made randomly, determined, for example, by the toss of a coin.
How shall we describe the resulting motion? In its general form the problem is
related to the motion of atoms (or other particles) in a gas—called Brownian
motion—and also to the combination of errors in measurements. You will see
that the random-walk problem is closely related to the coin-tossing problem we
have already discussed.

First, let us Jook at a few examples of a random walk. We may characterize
the walker’s progress by the net distance Dy traveled in N steps. We show in the
graph of Fig. 6-5 three examples of the path of a random walker. (We have used
for the random sequence of choices the results of the coin tosses shown in Fig.
6-1.)
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Fig. 6-5. The progress made in a random walk. The horizontal coordinate N
is the total number of steps taken; the vertical coordinate D(N) is the net distance
moved from the starting position.

What can we say about such a motion? We might first ask: “How far does
he get on the average?” We must expect that his average progress will be zero,
since he is equally likely to go either forward or backward. But we have the feel-
ing that as N increases, he is more likely to have strayed farther from the starting
point. We might, therefore, ask what is his average distance travelled in absolute
value, that is, what is the average of |D|. It is, however, more convenient to deal
with another measure of “progress,” the square of the distance: D? is positive
for either positive or negative motion, and is therefore a reasonable measure of
such random wandering.

We can show that the expected value of D is just N, the number of steps
taken. By ‘“expected value” we mean the probable value (our best guess), which
we can think of as the expected average behavior in many repeated sequences.
We represent such an expected value by (D#), and may refer to it also as the “mean
square distance.” After one step, D? is always +1, so we have certainly (D}) = 1.
(All distances will be measured in terms of a unit of one step. We shall not continue
to write the units of distance.)
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The expected value of D2 for N > 1 can be obtained from Dy_,. If, after
(N — 1) steps, we have Dy__y, then after N steps we have Dy = Dy_; + 1 or
Dy = Dy_; — 1. For the squares,

Di_y + 2Dy_y + 1,
D} = or 6.7)
D¥_1 — 2Dy_; + 1.

In a number of independent sequences, we expect to obtain each value one-half
of the time, so our average expectation is just the average of the two possible
values. The expected value of Dy is then D3_, 4+ 1. In general, we should
expect for D _, its “expected value” (Df_,) (by definition!). So

(DR) = (Dh_1) + L (6.8)
We have already shown that (D?) = 1; it follows then that
Dy = N, (6.9)

a particularly simple result!

If we wish a number like a distance, rather than a distance squared, to repre-
sent the “progress made away from the origin” in a random walk, we can use the
“root-mean-square distance” Dypyg:

D,y = V(D%) = V/N. (6.10)

We have pointed out that the random walk is closely similar in its mathe-
matics to the coin-tossing game we considered at the beginning of the chapter.
If we imagine the direction of each step to be in correspondence with the appearance
of heads or tails in a coin toss, then D is just Ny — Nr, the difference in the num-
ber of heads and tails. Since Ny + Ny = N, the total number of steps (and tosses),
we have D = 2Ny — N. We have derived earlier an expression for the expected
distribution of Ny (also called k) and obtained the result of Eq. (6.5). Since
N is just a constant, we have the corresponding distribution for D. (Since for
every head more than N/2 there is a tail “missing,” we have the factor of 2 between
Ny and D.) The graphs of Fig. 6-2 represent the distribution of distances we might
get in 30 random steps (where k = 15istoberead D = 0;k = 16, D = 2;etc.).

The variation of Ny from its expected value N/2 is

N_D

NH—2 3

6.11)
The rms deviation is

<N - E) = 4V/N. (6.12)
2 rms

According to our result for D.,s, we expect that the “typical” distance in
30 steps ought to be /30 = 5.5, or a typical k should be about 5.5/2 = 2.8
units from 15. We see that the “width” of the curve in Fig. 6~2, measured from
the center, is just about 3 units, in agreement with this result.

We are now in a position to consider a question we have avoided until now.
How shall we tell whether a coin is “honest” or “loaded”? We can give now
at least a partial answer. For an honest coin, we expect the fraction of the times
heads appears to be 0.5, that is,

(Nm) _
—W’L = 0.5. (6.13)

We also expect an actual Ny to deviate from N/2 by about v/N/2, or the fraction
to deviate by

The larger N is, the closer we expect the fraction Ny /N to be to one-half.
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In Fig. 6-6 we have plotted the fraction Ny /N for the coin tosses reported
earlier in this chapter. We see the tendency for the fraction of heads to approach
0.5 for large N. Unfortunately, for any given run or combination of runs there is
no guarantee that the observed deviation will be even near the expected deviation.
There is always the finite chance that a large fluctuation—a long string of heads
or tails—will give an arbitrarily large deviation. All we can say is that if the
deviation is near the expected 1/2+/N (say within a factor of 2 or 3), we have no
reason to suspect the honesty of the coin. If it is much larger, we may be suspi-
cious, but cannot prove, that the coin is loaded (or that the tosser is clever!).

We have also not considered how we should treat the case of a “coin” or
some similar “‘chancy” object (say a stone that always lands in either of two posi-
tions) that we have good reason to believe should have a different probability for
heads and tails. We have defined P(H) = (Ng)/N. How shall we know what to
expect for Ng? In some cases, the best we can do is to observe the number of
heads obtained in large numbers of tosses. For want of anything better, we must
set (Ng) = Np(observed). (How could we expect anything else?) We must under-
stand, however, that in such a case a different experiment, or a different observer,
might conclude that P(H) was different. We would expect, however, that the various
answers should agree within the deviation 1/2+/N [if P(H) is near one-half]. An
experimental physicist usually says that an “experimentally determined” probability
has an “error,” and writes

1

Py = N2 o N (6.14)

There is an implication in such an expression that there is a “true” or “correct”
probability which could be computed if we knew enough, and that the observation
may be in “error” due to a fluctuation. There is, however, no way to make such
thinking logically consistent. It is probably better to realize that the probability
concept is in a sense subjective, that it is always based on uncertain knowledge,
and that its quantitative evaluation is subject to change as we obtain more
information.

64 A probability distribution

Let us return now to the random walk and consider a modification of it.
Suppose that in addition to a random choice of the direction (+ or —) of each
step, the length of each step also varied in some unpredictable way, the only condi-
tion being that on the average the step length was one unit. This case is more
representative of something like the thermal motion of a molecule in a gas. If
we call the length of a step .S, then .S may have any value at all, but most often
will be “near” 1. To be specific, we shall let (S%) = 1 or, equivalently, Syms = 1.
Our derivation for {D?) would proceed as before except that Eq. (6.8) would be
changed now to read

(D} = (DF_1) + (5% = (Dh—1) + L (6.15)

We have, as before, that
(D¥) = N. (6.16)
6-7
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Fig. 6~7. The probability density for ending up at the distance D from the starting
place in a random walk of N steps. (D is measured in units of the rms step length.)

What would we expect now for the distribution of distances D? What is.
for example, the probability that D = O after 30 steps? The answer is zero!
The probability is zero that D will be any particular value, since there is no chance
at all that the sum of the backward steps (of varying lengths) would exactly equal
the sum of forward steps. We cannot plot a graph like that of Fig. 6-2.

We can, however, obtain a representation simular to that ot Fig. 6-2, 1t we
ask, not what is the probability of obtaining D exactly equal to 0, 1, or 2, but
instead what is the probability of obtaining D near 0, 1, or 2. Let us define P(x, Ax)
as the probability that D will lie in the interval Ax located at x (say from x to
x 4+ Ax). We expect that for small Ax the chance of D landing in the interval
is proportional to Ax, the width of the interval. So we can write

P(x, Ax) = p(x) Ax. (6.17)

The function p(x) is called the probability density.

The form of p(x) will depend on ¥, the number of steps taken, and also on
the distribution of individual step lengths. We cannot demonstrate the proofs
here, but for large N, p(x) is the same for all reasonable distributions in individual
step lengths, and depends only on N. We plot p(x) for three values of N in Fig.
6-7. You will notice that the “half-widths” (typical spread from x = 0) of these
curves is /N, as we have shown it should be.

You may notice also that the value of p(x) near zero is inversely proportional
to v/N. This comes about because the curves are all of a similar shape and their
areas under the curves must all be equal. Since p(x) Ax is the probability of find-
ing D in Ax when Ax is small, we can determine the chance of finding D somewhere
inside an arbitrary interval from x; to x., by cutting the interval in a number of
small increments Ax and evaluating the sum of the terms p(x) Ax for each incre-
ment. The probability that D lands somewhere between x; and x,, which we may
write P(x; < D < x3), is equal to the shaded area in Fig. 6-8. The smaller we
take the increments Ax, the more correct is our result. We can write, therefore,

P(x; < D < x3) = 3 p(x) Ax = [ "2 p(x) dx. (6.18)

Ty

The area under the whole curve is the probability that D lands somewhere
(that is, has some value between x = —w and x = + ). That probability is
surely 1. We must have that

[ ptydx = 1. (6.19)

—
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Since the curves in Fig. 6-7 get wider in proportion to v/, their heights must be
proportional to 1/4/N to maintain the total area equal to 1.

The probability density function we have been describing is one that is en-
countered most commonly. It is known as the normal or gaussian probability
density. It has the mathematical form

pix) = —— =120, (6.20)
oV 2T

where o is called the standard deviation and is given, in our case, by ¢ = /N
or, if the rms step size is different from 1, by ¢ = /N Stms.

We remarked earlier that the motion of a molecule, or of any particle, in a gas
is like 2 random walk. Suppose we open a bottle of an organic compound and let
some of its vapor escape into the air. If there are air currents, so that the air is
circulating, the currents will also carry the vapor with them. But even in perfectly
still air, the vapor will gradually spread out—will diffuse—until it has penetrated
throughout the room. We might detect it by its color or odor. The individual
molecules of the organic vapor spread out in still air because of the molecular
motions caused by collisions with other molecules. If we know the average “step”
size, and the number of steps taken per second, we can find the probability that
one, or several, molecules will be found at some distance from their starting point
after any particular passage of time. As time passes, more steps are taken and the
gas spreads out as in the successive curves of Fig. 6-7. In a later chapter, we shall
find out how the step sizes and step frequencies are related to the temperature and
pressure of a gas.

Earlier, we said that the pressure of a gas is due to the molecules bouncing
against the walls of the container. When we come later to make a more quantita-
tive description, we will wish to know how fast the molecules are going when they p(v)
bounce, since the impact they make will depend on that speed. We cannot, how-
ever, speak of the speed of the molecules. It is necessary to use a probability
description. A molecule may have any speed, but some speeds are more likely
than others. We describe what is going on by saying that the probability that any
particular molecule will have a speed between » and v 4 Av is p(v) Av, where
p[v), a probability density, is a given function of the speed v. We shall see later
how Maxwell, using common sense and the ideas of probability, was able to @ v v v
find a mathematical expression for p(v). The form* of the function p(v) is shown
in Fig. 6-9. Velocities may have any value, but are most likely to be near the Fig. 6-9. The distribution of velocities
most probable or expected value (v). of the molecules in a gas.

We often think of the curve of Fig. 6-9 in a somewhat different way. If we
consider the molecules in a typical container (with a volume of, say, one liter),
then there are a very large number N of molecules present (N ~ 1022), Since
p(v) Av is the probability that one molecule will have its velocity in Av, by our
definition of probability we mean that the expected number (AN) to be found with
a velocity in the interval Av is given by

N p(v)

'
'
I
|
1
|
1
]
|
|
'
'
1

(AN) = Np(v) Av. 6.21)

We call N p(v) the “distribution in velocity.” The area under the curve between
two velocities v; and v,, for example the shaded area in Fig. 6-9, represents
[for the curve Np(v)] the expected number of molecules with velocities between
vy and vo. Since with a gas we are usually dealing with large numbers of molecules,
we expect the deviations from the expected numbers to be small (like 1/+/N), so
we often neglect to say the “expected” number, and say instead: “The number of
molecules with velocities between v, and v, is the area under the curve.” We
should remember, however, that such statements are always about probable
numbers.

* Maxwell’s expression is p(v) = Cv2e—2*2, where a is a constant related to the tem-
perature and C is chosen so that the total probability is one.
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Fig. 6-10. Probability densities for
observation of the position and velocity
of a particle.

6-5 The uncertainty principle

The ideas of probability are certainly useful in describing the behavior of
the 1022 or so molecules in a sample of a gas, for it is clearly impractical even
to attempt to write down the position or velocity of each molecule. When prob-
ability was first applied to such problems, it was considered to be a convenience—
a way of dealing with very complex situations. We now believe that the ideas of
probability are essential to a description of atomic happenings. According to
quantum mechanics, the mathematical theory of particles, there is always some
uncertainty in the specification of positions and velocities. We can, at best, say
that there is a certain probability that any particle will have a position near some
coordinate x.

We can give a probability density p;(x), such that p,(x) Ax is the probability
that the pdrticle will be found between x and x + Ax. If the particle is reasonably
well localized, say near x,, the function p,(x) might be given by the graph of
Fig. 6-10(a). Similarly, we must specify the velocity of the particle by means of
a probability density pa(v), with po(v) Av the probability that the velocity will
be found between v and v + Av.

It is one of the fundamental results of quantum mechanics that the two func-
tions p,(x) and p,(v) cannot be chosen independently and, in particular, cannot
both be made arbitrarily narrow. If we call the typical “width” of the p;(x)
curve [Ax], and that of the ps(v) curve [Av] (as shown in the figure), nature demands
that the product of the two widths be at least as big as the number 4/m, where m
is the mass of the particle and 4 is a fundamental physical constant called Planck’s
constant. We may write this basic relationship as

[Ax] - [Av] > h/m. 6.22)

This equation is a statement of the Heisenberg uncertainty principle that we
mentioned earlier.

Since the right-hand side of Eq. (6.22) is a constant, this equation says that
if we try to “pin down” a particle by forcing it to be at a particular place, it ends
up by having a high speed. Or if we try to force it to go very slowly, or at a
precise velocity, it “spreads out” so that we do not know very well just where
itis. Particles behave in a funny way!

The uncertainty principle describes an inherent fuzziness that must exist in
any attempt to describe nature. Our most precise description of nature must
be in terms of probabilities. There are some people who do not like this way of
describing nature. They feel somehow that if they could only tell what is really
going on with a particle, they could know its speed and position simultaneously.
In the early days of the development of quantum mechanics, Einstein was quite
worried about this problem. He used to shake his head and say, “But, surely God
does not throw dice in determining how electrons should go!” He worried about
that problem for a long time and he probably never really reconciled himself to
the fact that this is the best description of nature that one can give. There are
still one or two physicists who are working on the problem who have an intuitive
conviction that it is possible somehow to describe the world in a different way
and that all of this uncertainty about the way things are can be removed. No one
has yet been successful.

The necessary uncertainty in our specification of the position of a particle
becomes most important when we wish to describe the structure of atoms. In
the hydrogen atom, which has a nucleus of one proton with one electron outside
of the nucleus, the uncertainty in the position of the electron is as large as the atom
itself! We cannot, therefore, properly speak of the electron moving in some ““orbit”
around the proton. The most we can say is that there is a certain chance p(r) AV,
of observing the electron in an element of volume AV at the distance r from the
proton. The probability density p(r) is given by quantum mechanics. For an
undisturbed hydrogen atom p(r) = Ae—"*%* which is a bell-shaped function like
that in Fig. 6-8. The number a is the “typical” radius, where the function is decreas-
ing rapidly. Since there is a small probability of finding the electron at distances
6-10



Fig. 6-11. A way of visualizing a hy-
drogen atom. The density (whiteness) of
the cloud represents the probability
density for observing the electron.

from the nucleus much greater than a, we may think of a as “the radius of the
atom,” about 10~ 19 meter.

We can form an image of the hydrogen atom by imagining a “cloud” whose
density is proportional to the probability density for observing the electron.
A sample of such a cloud is shown in Fig. 6-11. Thus our best “picture” of a
hydrogen atom is a nucleus surrounded by an “electron cloud” (although we really
mean a “probability cloud”). The electron is there somewhere, but nature per-
mits us to know only the chance of finding it at any particular place.

In its efforts to learn as much as possible about nature, modern physics has
found that certain things can never be “known” with certainty. Much of our
knowledge must always remain uncertain. The most we can know is in terms of
probabilities.
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The Theory of Gravitation

7-1 Planetary motions

In this chapter we shall discuss one of the most far-reaching generalizations
of the human mind. While we are admiring the human mind, we should take some
time off to stand in awe of a nature that could follow with such completeness and
generality such an elegantly simple principle as the law of gravitation. What is
this law of gravitation? It is that every object in the universe attracts every
other object with a force which for any two bodies is proportional to the mass of
each and varies inversely as the square of the distance between them. This state-
ment can be expressed mathematically by the equation

/
F=cgm.
r2

If to this we add the fact that an object responds to a force by accelerating in the
direction of the force by an amount that is inversely proportional to the mass of
the object, we shall have said everything required, for a sufficiently talented
mathematician could then deduce all the consequences of these two principles.
However, since you are not assumed to be sufficiently talented yet, we shall dis-
cuss the consequences in more detail, and not just leave you with only these two
bare principles. We shall briefly relate the story of the discovery of the law of
gravitation and discuss some of its consequences, its effects on history, the mys-
teries that such a law entails, and some refinements of the law made by Einstein;
we shall also discuss the relationships of the law to the other laws of physics.
All this cannot be done in one chapter, but these subjects will be treated in due
time in subsequent chapters.

The story begins with the ancients observing the motions of planets among the
stars, and finally deducing that they went around the sun, a fact that was redis-
covered later by Copernicus. Exactly how the planets went around the sun,
with exactly what motion, took a little more work to discover. In the beginning of
the fifteenth century there were great debates as to whether they really went around
the sun or not. Tycho Brahe had an idea that was different from anything pro-
posed by the ancients: his idea was that these debates about the nature of the
motions of the planets would best be resolved if the actual positions of the planets
in the sky were measured sufficiently accurately. If measurement showed exactly
how the planets moved, then perhaps it would be possible to establish one or
another viewpoint. This was a tremendous idea—that to find something out, it
is better to perform some careful experiments than to carry on deep philosophical
arguments. Pursuing this idea, Tycho Brahe studied the positions of the planets
for many years in his observatory on the island of Hven, near Copenhagen. He
made voluminous tables, which were then studied by the mathematician Kepler,
after Tycho’s death. Kepler discovered from the data some very beautiful and
remarkable, but simple, laws regarding planetary motion.

7-2 Kepler’s laws

First of all, Kepler found that each planet goes around the sun in a curve
called an ellipse, with the sun at a focus of the ellipse. An ellipse is not just an
oval, but is a very specific and precise curve that can be obtained by using two
tacks, one at each focus, a loop of string, and a pencil; more mathematically, it
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Fig. 7-1. An ellipse.

Fig. 7-2. Kepler's law of areas.

is the locus of all points the sum of whose distances from two fixed points (the foci)
is a constant. Or, if you will, it is a foreshortened circle (Fig. 7-1).

Kepler’s second observation was that the planets do not go around the sun
at a uniform speed, but move faster when they are nearer the sun and more
slowly when they are farther from the sun, in precisely this way: Suppose a planet
is observed at any two successive times, let us say a week apart, and that the radius
vector* is drawn to the planet for each observed position. The orbital arc traversed
by the planet during the week, and the two radius vectors, bound a certain plane
area, the shaded area shown in Fig. 7-2. If two similar observations are made a
week apart, at a part of the orbit farther from the sun (where the planet moves
more slowly), the similarly bounded area is exactly the same as in the first case.
So, in accordance with the second law, the orbital speed of each planet is such that
the radius “sweeps out” equal areas in equal times.

Finally, a third law was discovered by Kepler much later; this law is of a
different category from the other two, because it deals not with only a single planet,
but relates one planet to another. This law says that when the orbital period and
orbit size of any two planets are compared, the periods are proportional to the
3/2 power of the orbit size. In this statement the period is the time interval it
takes a planet to go completely around its orbit, and the size is measured by the
length of the greatest diameter of the elliptical orbit, technically known as the
major axis. More simply, if the planets went in circles, as they nearly do, the
time required to go around the circle would be proportional to the 3/2 power of
the diameter (or radius). Thus Kepler’s three laws are:

I. Each planet moves around the sun in an ellipse, with the sun at one focus.

II. The radius vector from the sun to the planet sweeps out equal areas in
equal intervals of time.

III. The squares of the periods of any two planets are proportional to the
cubes of the semimajor axes of their respective orbits: T ~ a3/2.

7-3 Development of dynamics

While Kepler was discovering these laws, Galileo was studying the laws of
motion. The problem was, what makes the planets go around? (In those days,
one of the theories proposed was that the planets went around because behind
them were invisible angels, beating their wings and driving the planets forward.
You will see that this theory is now modified! It turns out that in order to keep
the planets going around, the invisible angels must fly in a different direction and
they have no wings. Otherwise, it is a somewhat similar theory!) Galileo dis-
covered a very remarkable fact about motion, which was essential for under-
standing these laws. That is the principle of inertia—if something is moving, with
nothing touching it and completely undisturbed, it will go on forever, coasting at
a uniform speed in a straight line. (Why does it keep on coasting? We do not
know, but that is the way it is.)

Newton modified this idea, saying that the only way to change the motion
of a body is to use force. If the body speeds up, a force has been applied in the
direction of motion. On the other hand, if its motion is changed to a new direc-
tion, a force has been applied sideways. Newton thus added the idea that a force
is needed to change the speed or rhe direction of motion of a body. For example,
if a stone is attached to a string and is whirling around in a circle, it takes a force
to keep it in the circle. We have to pull on the string. In fact, the law is that the
acceleration produced by the force is inversely proportional to the mass, or the
force is proportional to the mass times the acceleration. The more massive a
thing is, the stronger the force required to produce a given acceleration. (The
mass can be measured by putting other stones on the end of the same string and
making them go around the same circle at the same speed. In this way it is found
that more or less force is required, the more massive object requiring more force.)

* A radius vector is a line drawn from the sun to any point in a planet’s orbit.
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The brilliant idea resulting from these considerations is that no tangential force
is needed to keep a planet in its orbit (the angels do not have to fly tangentially)
because the planet would coast in that direction anyway. If there were nothing
at all to disturb it, the planet would go off in a straight line. But the actual motion
deviates from the line on which the body would have gone if there were no force,
the deviation being essentially at right angles to the motion, not in the direction
of the motion. In other words, because of the principle of inertia, the force needed
to control the motion of a planet around the sun is not a force around the sun
but toward the sun. (If there is a force toward the sun, the sun might be the angel,
of course!)

7-4 Newton’s law of gravitation

From his better understanding of the theory of motion, Newton appreciated
that the sun could be the seat or organization of forces that govern the motion of
the planets. Newton proved to himself (and perhaps we shall be able to prove it
soon) that the very fact that equal areas are swept out in equal times is a precise
sign post of the proposition that all deviations are precisely radial—that the law of
areas is a direct consequence of the idea that all of the forces are directed exactly
toward the sun.

Next, by analyzing Kepler’s third law it is possible to show that the farther
away the planet, the weaker the forces. If two planets at different distances from
the sun are compared, the analysis shows that the forces are inversely propor-
tional to the squares of the respective distances. With the combination of the
two laws, Newton concluded that there must be a force, inversely as the square
of the distance, directed in a line between the two objects.

Being a man of considerable feeling for generalities, Newton supposed, of
course, that this relationship applied more generally than just to the sun holding
the planets. It was already known, for example, that the planet Jupiter had moons
going around it as the moon of the earth goes around the earth, and Newton
felt certain that each planet held its moons with a force. He already knew of the
force holding us on the earth, so he proposed that this was a universal force—
that everything pulls everything else.

The next problem was whether the pull of the earth on its people was the
“same” as its pull on the moon, i.e., inversely as the square of the distance. If an
object on the surface of the earth falls 16 feet in the first second after it is released
from rest, how far does the moon fall in the same time? We might say that the
moon does not fall at all. But if there were no force on the moon, it would go off
in a straight line, whereas it goes in a circle instead, so it really falls in from where
it would have been if there were no force at all. We can calculate from the radius
of the moon’s orbit (which is about 240,000 miles) and how long it takes to go
around the earth (approximately 29 days), how far the moon moves in its orbit
in 1 second, and can then calculate how far it falls in one second.* This distance
turns out to be roughly 1/20 of an inch in a second. That fits very well with the
inverse square law, because the earth’s radius is 4000 miles, and if something which
is 4000 miles from the center of the earth falls 16 feet in a second, something
240,000 miles, or 60 times as far away, should fall only 1/3600 of 16 feet, which also
is roughly 1/20 of an inch. Wishing to put this theory of gravitation to a test by
similar calculations, Newton made his calculations very carefully and found a
discrepancy so large that he regarded the theory as contradicted by facts, and did
not publish his results. Six years later a new measurement of the size of the earth
showed that the astronomers had been using an incorrect distance to the moon.
When Newton heard of this, he made the calculation again, with the corrected
figures, and obtained beautiful agreement.

This idea that the moon “falls” is somewhat confusing, because, as you see,
it does not come any closer. The idea is sufficiently interesting to merit further

* That is, how far the circle of the moon’s orbit falls below the straight line tangent
to it at the point where the moon was one second before.
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explanation: the moon falls in the sense that it falls away from the straight line
that it would pursue if there were no forces. Let us take an example on the surface
of the earth. An object released near the earth’s surface will fall 16 feet in the first
second. An object shot out horizontally will also fall 16 feet; even though it is
moving horizontally, it still falls the same 16 feet in the same time. Figure 7-3
shows an apparatus which demonstrates this. On the horizontal track is a ball
which is going to be driven forward a little distance away. At the same height
is a ball which is going to fall vertically, and there is an electrical switch arranged
so that at the moment the first ball leaves the track, the second ball is released.
That they come to the same depth at the same time is witnessed by the fact that
they collide in midair. An object like a bullet, shot horizontally, might go a long
way in one second—perhaps 2000 feet—but it will still fall 16 feet if it is aimed
horizontally. What happens if we shoot a bullet faster and faster? Do not forget
that the earth’s surface is curved. If we shoot it fast enough, then when it falls
16 feet it may be at just the same height above the ground as it was before. How
can that be? Itstill falls, but the earth curves away, so it falls “around” the earth.
The question is, how far does it have to go 1n one second so that the earth is
16 feet below the horizon? In Fig. 7-4 we see the earth with its 4000-mule radius,
and the tangential, straightline path that the bullet would take if there were no
force. Now, if we use one of those wonderful theorems in geometry, which says
that our tangent 1s the mean proportional between the two parts of the diameter
cut by an equal chord, we see that the horizontal distance travelled is the mean
proportional between the 16 feet fallen and the 8000-mile diameter of the earth.
The square root of (16/5280) X 8000 comes out very close to 5 miles. Thus
we see that if the bullet moves at 5 miles a second, it then will continue to fall
toward the earth at the same rate of 16 feet each second, but will never get any
closer because the earth keeps curving away from it. Thus it was that Mr. Gagarin
maintained himself in space while going 25,000 miles around the earth at approxi-
mately 5 miles per second. (He took a little longer because he was a little higher.)

Any great discovery of a new law is useful only if we can take more out than
we put in. Now, Newton used the second and third of Kepler’s laws to deduce
his law of gravitation. What did he predict? First, his analysis of the moon’s
motion was a prediction because it connected the falling of objects on the earth’s
surface with that of the moon. Second, the question is, is the orbit an ellipse?
We shall see in a later chapter how it is possible to calculate the motion exactly,
and indeed one can prove that it should be an ellipse,* so no extra fact is needed
to explain Kepler’s first law. Thus Newton made his first powerful prediction.

The law of gravitation explains many phenomena not previously understood.
For example, the pull of the moon on the earth causes the tides, hitherto mysterious.
The moon pulls the water up under it and makes the tides—people had thought
of that before, but they were not as clever as Newton, and so they thought there
ought to be only one tide during the day. The reasoning was that the moon pulls
the water up under it, making a high tide and a low tide, and since the earth spins
underneath, that makes the tide at one station go up and down every 24 hours.
Actually the tide goes up and down in 12 hours. Another school of thought
claimed that the high tide should be on the other side of the earth because, so they
argued, the moon pulls the earth away from the water! Both of these theories
are wrong. It actually works like this: the pull of the moon for the earth and for
the water is “balanced” at the center. But the water which is closer to the moon is
pulled more than the average and the water which is farther away from it is pulled
less than the average. Furthermore, the water can flow while the more rigid earth
cannot. The true picture is a combination of these two things.

What do we mean by “balanced””? What balances? If the moon pulls the
whole earth toward it, why doesn’t the earth fall right “up” to the moon? Because
the earth does the same trick as the moon, it goes in a circle around a point which
is inside the earth but not at its center. The moon does not just go around the

* The proof is not given in this course.
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earth, the earth and the moon both go around a central position, each falling
toward this common position, as shown in Fig. 7-5. This motion around the
common center is what balances the fall of each. So the earth is not going in a
straight line either; 1t travels in a circle. The water on the far side is ““unbalanced”
because the moon’s attraction there is weaker than 1t is at the center of the earth,
where it just balances the “centrifugal force.” The result of this imbalance 1s that
the water rises up, away from the center of the earth. On the near side, the attrac-
tion from the moon is stronger, and the imbalance is in the opposite direction in
space, but again away from the center of the earth. The net result 1s that we get
two tidal bulges.

7-5 Universal gravitation

What else can we understand when we understand gravity? Everyone knows
the earth is round. Why is the earth round? That is easy; it is due to gravitation.
The earth can be understood to be round merely because everything attracts
everything else and so it has attracted itself together as far as it can! If we go even
further, the earth is not exactly a sphere because it is rotatings and this brings in
centrifugal effects which tend to oppose gravity near the equator. It turns out that
the earth should be elliptical, and we even get the right shape for the ellipse.
We can thus deduce that the sun, the moon, and the earth should be (nearly)
spheres, just from the law of gravitation.

What else can you do with the law of gravitation? If we look at the moons
of Jupiter we can understand everything about the way they move around that
planet. Incidentally, there was once a certain difficulty with the moons of Jupiter
that is worth remarking on. These satellites were studied very carefully by Roemer,
who noticed that the moons sometimes seemed to be ahead of schedule, and some-
times behind. (One can find their schedules by waiting a very long time and finding
out how long it takes on the average for the moons to go around.) Now they were
ahead when Jupiter was particularly close to the earth and they were behind when
Jupiter was farther from the earth. This would have been a very difficult thing to
explain according to the law of gravitation—it would have been, in fact, the death
of this wonderful theory if there were no other explanation. If a law does not work
even in one place where it ought to, it is just wrong. But the reason for this dis-
crepancy was very simple and beautiful: it takes a little while to see the moons of
Jupiter because of the time it takes light to travel from Jupiter to the earth. When
Jupiter is closer to the earth the time is a little less, and when it is farther from the
earth, the time is more. This is why moons appear to be, on the average, a little
ahead or a little behind, depending on whether they are closer to or farther from
the earth. This phenomenon showed that light does not travel instantaneously,
and furnished the first estimate of the speed of light. This was done in 1656.

If all of the planets push and pull on each other, the force which controls,
let us say, Jupiter in going around the sun is not just the force from the sun;
there is also a pull from, say, Saturn. This force is not really strong, since the sun
is much more massive than Saturn, but there is some pull, so the orbit of Jupiter
should not be a perfect ellipse, and it is not; it is slightly off, and “wobbles” around
the correct elliptical orbit. Such a motion is a little more complicated. Attempts
were made to analyze the motions of Jupiter, Saturn, and Uranus on the basis
of the law of gravitation. The effects of each of these planets on each other were
calculated to see whether or not the tiny deviations and irregularities in these
motions could be completely understood from this one law. Lo and behold, for
Jupiter and Saturn, all was well, but Uranus was “weird.” It behaved in a very
peculiar manner. It was not travelling in an exact ellipse, but that was under-
standable, because of the attractions of Jupiter and Saturn. But even if allowance
were made for these attractions, Uranus still was not going right, so the laws of
gravitation were in danger of being overturned, a possibility that could not be
ruled out. Two men, Adams and Leverrier, in England and France, independently,

7-5

H20, 7

POINT AROUND WHICH
EARTH 8 MOON ROTATE

EARTH

Fig. 7-5. The
with tides.

earth-moon  system,



Fig. 7—6. A double-star system.

arrived at another possibility: perhaps there is another planet, dark and invisible,
which men had not seen. This planet, N, could pull on Uranus. They calculated
where such a planet would have to be in order to cause the observed perturba-
tions. They sent messages to the respective observatories, saying, “Gentlemen,
point your telescope to such and such a place, and you will see a new planet.”
It often depends on with whom you are working as to whether they pay any atten-
tion to you or not. They did pay attention to Leverrier; they looked, and there
planet N was! The other observatory then also looked very quickly in the next
few days and saw it too.

This discovery shows that Newton’s laws are absolutely right in the solar
system; but do they extend beyond the relatively small distances of the nearest
planets? The first test lies in the question, do stars attract each other as well as
planets? We have definite evidence that they do in the double stars. Figure 7-6
shows a double star—two stars very close together (there is also a third star in
the picture so that we will know that the photograph was not turned). The stars
are also shown as they appeared several years later. We see that, relative to the
“fixed” star, the axis of the pair has rotated, i.e., the two stars are going around
each other. Do they rotate according to Newton’s laws? Careful measurements
of the relative positions of one such double star system are shown in Fig. 7-7.
There we see a beautiful ellipse, the measures starting in 1862 and going all the
way around to 1904 (by now it must have gone around once more). Everything
coincides with Newton’s laws, except that the star Sirius A is not at the focus.
Why should that be? Because the plane of the ellipse is not in the “plane of the
sky.”” We are not looking at right angles to the orbit plane, and when an ellipse
is viewed at a tilt, it remains an ellipse but the focus is no longer at the same place.
Thus we can analyze double stars, moving about each other, according to the
requirements of the gravitational law.

270>
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Fig. 7-7. Orbit of Sirius B with respect to Sirius A.
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Fig. 7-8. A globular star cluster.

That the law of gravitation is true at even bigger distances is indicated in
Fig. 7-8. If one cannot see gravitation acting here, he has no soul. This figure
shows one of the most beautiful things in the sky—a globular star cluster. All of
the dots are stars. Although they look as if they are packed solid toward the center,
that is due to the fallibility of our instruments. Actually, the distances between
even the centermost stars are very great and they very rarely collide. There are
more stars in the interior than farther out, and as we move outward there are
fewer and fewer. It is obvious that there is an attraction among these stars.
It is clear that gravitation exists at these enormous dimensions, perhaps 100,000
times the size of the solar system. Let us now go further, and look at an entire
galaxy, shown in Fig. 7-9. The shape of this galaxy indicates an obvious tendency
for its matter to agglomerate. Of course we cannot prove that the law here is
precisely inverse square, only that there is still an attraction, at this enormous
dimension, that holds the whole thing together. One may say, “Well, that is all
very clever but why is it not just a ball?” Because it is spinning and has angular
momentum which it cannot give up as it contracts; it must contract mostly in a
plane. (Incidentally, if you are looking for a good problem, the exact details of
how the arms are formed and what determines the shapes of these galaxies has
not been worked out.) It is, however, clear that the shape of the galaxy is due to
gravitation even though the complexities of its structure have not yet allowed

Fig. 7-9. A galaxy.
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us to analyze it completely. In a galaxy we have a scale of perhaps 50,000 to
100,000 light years. The earth’s distance from the sun is 8% light minutes, so you
can see how large these dimensions are.

Gravity appears to exist at even bigger dimensions, as indicated by Fig. 7-10,
which shows many “little” things clustered together. This is a cluster of galaxies,
just like a star cluster. Thus galaxies attract each other at such distances that they
too are agglomerated into clusters. Perhaps gravitation exists even over distances
of tens of millions of light years; so far as we now know, gravity seems to go out
forever inversely as the square of the distance.

Not only can we understand the nebulae, but from the law of gravitation we
can even get some ideas about the origin of the stars. If we have a big cloud of dust
and gas, as indicated in Fig. 7-11, the gravitational attractions of the pieces of
dust for one another might make them form little lumps. Barely visible in the figure
are “little” black spots which may be the beginning of the accumulations of dust
and gases which, due to their gravitation, begin to form stars. Whether we have
ever seen a star form or not is still debatable. Figure 7-12 shows the one piece of
evidence which suggests that we have. At the left is a picture of a region of gas
with some stars in it taken in 1947, and at the right is another picture, taken only
7 years later, which shows two new bright spots. Has gas accumulated, has gravity
acted hard enough and collected it into a ball big enough that the stellar nuclear
reaction starts in the interior and turns it into a star? Perhaps, and perhaps not.
It is unreasonable that in only seven years we should be so lucky as to see a star
change itself into visible form; it is much less probable that we should see two!

Fig. 7-10. A cluster of galaxies.

Fig. 7-11. An interstellar dust cloud. Fig. 7-12. The formation of new stars?
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7-6 Cavendish’s experiment

Gravitation, therefore, extends over enormous distances. But if there is a
force between any pair of objects, we ought to be able to measure the force between
our own objects. Instead of having to watch the stars go around each other,
why can we not take a ball of lead and a marble and watch the marble go toward
the ball of lead? The difficulty of this experiment when done in such a simple
manner is the very weakness or delicacy of the force. It must be done with extreme
care, which means covering the apparatus to keep the air out, making sure it is
not electrically charged, and so on; then the force can be measured. It was first
measured by Cavendish with an apparatus which is schematically indicated in
Fig. 7-13. This first demonstrated the direct force between two large, fixed balls
of lead and two smaller balls of lead on the ends of an arm supported by a very
fine fiber, called a torsion fiber. By measuring how much the fiber gets twisted,
one can measure the strength of the force, verify that it is inversely proportional
to the square of the distance, and determine how strong it is. Thus, one may
accurately determine the coefficient G in the formula

mm’

F=G-2}

All the masses and distances are known. You say, “We knew it already for the
earth.” Yes, but we did not know the mass of the earth. By knowing G from this
experiment and by knowing how strongly the earth attracts, we can indirectly
learn how great is the mass of the earth! This experiment has been called “weighing
the earth.” Cavendish claimed he was weighing the earth, but what he was meas-
uring was the coefficient G of the gravity law. This is the only way in which the
mass of the earth can be determined. G turns out to be

6.670 X 10~ ! newton - m?/kg2.

It is hard to exaggerate the importance of the effect on the history of science
produced by this great success of the theory of gravitation. Compare the confu-
sion, the lack of confidence, the incomplete knowledge that prevailed in: the earlier
ages, when there were endless debates and paradoxes, with the clarity and simplic-
ity of this law—this fact that all the moons and planets and stars have such a
simple rule to govern them, and further that man could understand it and deduce
how the planets should move! This is the reason for the success of the sciences in
following years, for it gave hope that the other phenomena of the world might also
have such beautifully simple laws.

7-7 What is gravity?

But is this such a simple law? What about the machinery of it? All we have
done is to describe how the earth moves around the sun, but we have not said
what makes it go. Newton made no hypotheses about this; he was satisfied to
find what it did without getting into the machinery of it. No one has since given
any machinery. It is characteristic of the physical laws that they have this abstract
character. The law of conservation of energy is a theorem concerning quantities
that have to be calculated and added together, with no mention of the machinery,
and likewise the great laws of mechanics are quantitative mathematical laws for
which no machinery is available. Why can we use mathematics to describe nature
without a mechanism behind it? No one knows. We have to keep going because
we find out more that way.

Many mechanisms for gravitation have been suggested. It is interesting to con-
sider one of these, which many people have thought of from time to time. At
first, one is quite excited and happy when he “discovers” it, but he soon finds that
it is not correct. It was first discovered about 1750. Suppose there were many
particles moving in space at a very high speed in all directions and being only slightly
absorbed in going through matter. When they are absorbed, they give an impulse
to the earth. However, since there are as many going one way as another, the
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impulses all balance. But when the sun is nearby, the particles coming toward the
earth through the sun are partially absorbed, so fewer of them are coming from
the sun than are coming from the other side. Therefore, the earth feels a net im-
pulse toward the sun and it does not take one long to see that it is inversely as the
square of the distance—because of the variation of the solid angle that the sun
subtends as we vary the distance. What is wrong with that machinery? It in-
volves some new consequences which are nor rrue. This particular idea has the
following trouble: the earth, in moving around the sun, would impinge on more
particles which are coming from its forward side than from its hind side (when
you run in the rain, the rain in your face is stronger than that on the back of your
head!). Therefore there would be more impulse given the earth from the front,
and the earth would feel a resistance to motion and would be slowing up in its orbit.
One can calculate how long it would take for the earth to stop as a result of this
resistance, and it would not take long enough for the earth to still be in its orbit, so
this mechanism does not work. No machinery has ever been invented that “explains”
gravity without also predicting some other phenomenon that does not exist.

Next we shall discuss the possible relation of gravitation to other forces.
There is no explanation of gravitation in terms of other forces at the present time.
It is not an aspect of electricity or anything like that, so we have no explanation.
However, gravitation and other forces are very similar, and it is interesting to
note analogies. For example, the force of electricity between two charged objects
looks just like the law of gravitation : the force of electricityis a constant, with a minus
sign, times the product of the charges, and varies inversely as the square of the
distance. It is in the opposite direction—likes repel. But is it still not very remark-
able that the two laws involve the same function of distance? Perhaps gravitation
and electricity are much more closely related than we think. Many attempts have
been made to unify them; the so-called unified field theory is only a very elegant
attempt to combine electricity and gravitation; but, in comparing gravitation and
electricity, the most interesting thing is the relative strengths of the forces. Any
theory that contains them both must also deduce how strong the gravity is.

If we take, in some natural units, the repulsion of two electrons (nature’s
universal charge) due to electricity, and the attraction of two electrons due to their
masses, we can measure the ratio of electrical repulsion to the gravitational
attraction. The ratio is independent of the distance and is a fundamental constant
of nature. The ratio is shown in Fig. 7-14. The gravitational attraction relative
to the electrical repulsion between two electrons is 1 divided by 4.17 X 10%2
The question is, where does such a large number come from? It is not accidental,
like the ratio of the volume of the earth to the volume of a flea. We have considered
two natural aspects of the same thing, an electron. This fantastic number is a
natural constant, so it involves something deep in nature. Where could such a
tremendous number come from? Some say that we shall one day find the “universal
equation,” and in it, one of the roots will be this number. It is very difficult to
find an equation for which such a fantastic number is a natural root. Other pos-
sibilities have been thought of;; one is 1o relate it to the age of the universe. Clearly,
we have to find another large number somewhere. But do we mean the age of the
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As an example of somethmg natural, let us consider the time it takes light to go
across a proton, 10~2* second. If we compare this time with the age of the universe,
2 X 10'%years, the answer is 10~*2, It has about the same number of zeros going
off it, so it has been proposed that the gravitational constant is related to the age
of the universe. If that were the case, the gravitational constant would change with
time, because as the universe got older the ratio of the age of the universe to the
time which it takes for light to go across a proton would be gradually increasing.
Is it possible that the gravitational constant is changing with time? Of course
the changes wonld he so small that it ic anite difficult ta he cure

One test which we can think of is to determine what would have been the effect
of the change during the past 10° years, which is approximately the age from
the earliest life on the earth to now, and one-tenth of the age of the universe.
In this time, the gravity constant would have increased by about 10 percent. It
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turns out that if we consider the structure of the sun—the balance between the
weight of its material and the rate at which radiant energy is generated inside it—
we can deduce that if the gravity were 10 percent stronger, the sun would be much
more than 10 percent brighter—by the sixth power of the gravity constant! If we
calculate what happens to the orbit of the earth when the gravity is changing, we
find that the earth was then closer in. Altogether, the earth would be about 100
degrees centigrade hotter, and all of the water would not have been in the sea, but
vapor in the air, so life would not have started in the sea. So we do not now believe
that the gravity constant is changing with the age of the universe. But such argu-
ments as the one we have just given are not very convincing, and the subject is
not completely closed.

It is a fact that the force of gravitation is proportional to the mass, the quantity
which is fundamentally a measure of inertia—of how hard it is to hold something
which is going around in a circle. Therefore two objects, one heavy and one light,
going around a larger object in the same circle at the same speed because of gravity,
will stay together because to go in a circle requires a force which is stronger for
a bigger mass. That is, the gravity is stronger for a given mass in just the right
proportion so that the two objects will go around together. If one object were inside
the other it would szay inside; it is a perfect balance. Therefore, Gagarin or Titov
would find things “weightless” inside a space ship; if they happened to let go
of a piece of chalk, for example, it would go around the earth in exactly the same
way as the whole space ship, and so it would appear to remain suspended before
them in space. It is very interesting that this force is exactly proportional to the
mass with great precision, because if it were not exactly proportional there would
be some effect by which inertia and weight would differ. The absence of such an
effect has been checked with great accuracy by an experiment done first by
Eotvos in 1909 and more recently by Dicke. For all substances tried, the masses
and weights are exactly proportional within 1 part 1n 1,000,000,000, or less. This
1s a remarkable experiment.

7-8 Gravity and relativity

Another topic deserving discussion is Einstein’s modification of Newton's
law of gravitation. In spite of all the excitement it created, Newton’s law of gravi-
tation is not correct! It was modified by Einstein to take into account the theory
of relativity. According to Newton, the gravitational effect is instantaneous, that
is, if we were to move a mass, we would at once feel a new force because of the
new position of that mass; by such means we could send signals at infinite speed.
Einstein advanced arguments which suggest that we cannot send signals faster
than the speed of light, so the law of gravitation must be wrong. By correcting it
to take the delays into account, we have a new law, called Einstein’s law of gravi-
tation. One feature of this new law which 1s quite easy to understand is this:
In the Einstein relativity theory, anything which has energy has mass—mass in
the sense that it is attracted gravitationally. Even light, which has an energy,
has a “mass.” When a light beam, which has energy in it, comes past the sun there
is an attraction on it by the sun. Thus the light does not go straight, but is de-
flected. During the eclipse of the sun, for example, the stars which are around the
sun should appear displaced from where they would be if the sun were not there,
and this has been observed.

Finally, let us compare gravitation with other theories. In recent years we
have discovered that all mass is made of tiny particles and that there are several
kinds of interactions, such as nuclear forces, etc. None of these nuclear or electrical
forces has yet been found to explain gravitation. The quantum-mechanical aspects
of nature have not yet been carried over to gravitation. When the scale is so small
that we need the quantum effects, the gravitational effects are so weak that the
need for a quantum theory of gravitation has not yet developed. On the other hand,
for consistency in our physical theories it would be important to see whether
Newton’s law modified to Einstein’s law can be further modified to be consistent
with the uncertainty principle. This last modification has not yet been completed.
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Motion

8-1 Description of motion

In order to find the laws governing the various changes that take place in
bodies as time goes on, we must be able to describe the changes and have some way
to record them. The simplest change to observe in a body is the apparent change
in its position with time, which we call motion. Let us consider some solid object
with a permanent mark, which we shall call a point, that we can observe. We
shall discuss the motion of the little marker, which might be the radiator cap of an
automobile or the center of a falling ball, and shall try to describe the fact that it
moves and how it moves.

These examples may sound trivial, but many subtleties enter into the descrip-
tion of change. Some changes are more difficult to describe than the motion of
a point on a solid object, for example the speed of drift of a cloud that is drifting
very slowly, but rapidly forming or evaporating, or the change of a woman’s
mind. We do not know a simple way to analyze a change of mind, but since the
cloud can be represented or described by many molecules, perhaps we can describe
the motion of the cloud in principle by describing the motion of all its individual
molecules. Likewise, perhaps even the changes in the mind may have a parallel
in changes of the atoms inside the brain, but we have no such knowledge yet.

At any rate, that is why we begin with the motion of points; perhaps we should
think of them as atoms, but it is probably better to be more rough in the begin-
ning and simply to think of some kind of small objects—small, that is, compared
with the distance moved. For instance, in describing the motion of a car that is
going a hundred miles, we do not have to distinguish between the front and the
back of the car. To be sure, there are slight differences, but for rough purposes we
say “the car,” and likewise it does not matter that our points are not absolute
points; for our present purposes it is not necessary to be extremely precise. Also,
while we take a first look at this subject we are going to forget about the three
dimensions of the world. We shall just concentrate on moving in one direction,
as in a car on one road. We shall return to three dimensions after we see how to
describe motion in one dimension. Now, you may say, “This is all some kind of
trivia,” and indeed it is. How can we describe such a one-dimensional motion—
let us say, of a car? Nothing could be simpler. Among many possible ways, one
would be the following. To determine the position of the car at different times,
we measure its distance from the starting point and record all the observations.
In Table 8-1, s represents the distance of the car, in feet, from the starting point,
and ¢ represents the time in minutes. The first line in the table represents zero
distance and zero time—the car has not started yet. After one minute it has started
and has gone 1200 feet. Then in two minutes, it goes farther—notice that it picked
up more distance in the second minute—it has accelerated; but something hap-
pened between 3 and 4 and even more so at 5—it stopped at a light perhaps? Then
it speeds up again and goes 13,000 feet by the end of 6 minutes, 18,000 feet at the
end of 7 minutes, and 23,500 feet in 8 minutes; at 9 minutes it has advanced to
only 24,000 feet, because in the last minute it was stopped by a cop.

That is one way to describe the motion. Another way is by means of a graph.
If we plot the time horizontally and the distance vertically, we obtain a curve some-
thing like that shown in Fig. 8-1. As the time increases, the distance increases,
at first very slowly and then more rapidly, and very slowly again for a little while
at 4 minutes; then it increases again for a few minutes and finally, at 9 minutes,
appears to have stopped increasing. These observations can be made from the
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Table 8-1
t (min) s (ft)
0 0
1 1200
2 4000
3 9000
4 9500
5 9600
6 13000
7 18000
8 23500
9 24000
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Fig. 8-1. Graph of distance versus
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Table 8-2

t (sec) s (ft)
0 0
1 16
2 64
3 144
4 256
5 400
6 576
400
-
i 300F
z
z
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g i00F
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Fig. 8-2. Graph of distance versus

time for a falling body.

graph, without a table. Obviously, for a complete description one would have to
know where the car is at\the half-minute marks, too, but we suppose that the graph
means something, that the car has some position at all the intermediate times.

The motion of a car is complicated. For another example we take something
that moves in a simpler manner, follwing more simple laws: a falling ball.
Table 8-2 gives the time in seconds and the distance in feet for a falling body.
At zero seconds the ball starts out at zero feet, and at the end of 1 second it has
fallen 16 feet. At the end of 2 seconds, it has fallen 64 feet, at the end of 3
seconds, 144 feet, and so on; if the tabulated numbers are plotted, we get the
nice parabolic curve shown in Fig. 8-2. The formula for this curve can be written
as

s = 162 8.1)

This formula enables us to calculate the distances at any time. You might say
there ought to be a formula for the first graph too. Actually, one may write such
a formula abstractly, as

s = f(0, 8.2)

meaning that s is some quantity depending on ¢ or, in mathematical phraseology,
s is a function of 7. Since we do not know what the function is, there is no way we
can write it in definite algebraic form.

We have now seen two examples of motion, adequately described with very
simple ideas, no subtleties. However, there are subtleties—several of them. In
the first place, what do we mean by time and space? It turns out that these deep
philosophical questions have to be analyzed very carefully in physics, and this
is not so easy to do. The theory of relativity shows that our ideas of space and
time are not as simple as one might think at first sight. However, for our present
purposes, for the accuracy that we need at first, we need not be very careful about
defining things precisely. Perhaps you say, “That’s a terrible thing—I learned that
in science we have to define everyrhing precisely.” We cannot define anything
precisely! If we attempt to, we get into that paralysis of thought that comes to
philosophers, who sit opposite each other, one saying to the other, “You don’t
know what you are talking about!” The second one says, “What do you mean
by know ? What do you mean by talking ? What do you mean by you ?,” and so on.
In order to be able to talk constructively, we just have to agree that we are talking
about roughly the same thing. You know as much about time as we need for the
present, but remember that there are some subtleties that have to be discussed;
we shall discuss them later.

Another subtlety involved, and already mentioned, is that it should be possible
to imagine that the moving point we are observing is always located somewhere.
(Of course when we are looking at it, there it is, but maybe when we look away
it isn’t there.) It turns out that in the motion of atoms, that idea alsd is false—
we cannot find a marker on an atom and watch 1t move. That subtlety we shall
have to get around in quantum mechanics. But we are first going to learn what the
problems are before introducing the complications, and then we shall be in a better
position to make corrections, in the light of the more recent knowledge of the
subject. We shall, therefore, take a simple point of view about time and space.
We know what these concepts are in a rough way, and those who have driven a
car know what speed means.

8-2 Speed

Even though we know roughly what “speed” means, there are still some
rather deep subtleties ; consider that the learned Greeks were never able to adequately
describe problems involving velocity. The subtlety comes when we try to compre-
hend exactly what is meant by “speed.” The Greeks got very confused about this,
and a new branch of mathematics had to be discovered beyond the geometry and
algebra of the Greeks, Arabs, and Babylonians. As an illustration of the diffi-
culty, try to solve this problem by sheer algebra: A balloon is being inflated so
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that the volume of the balloon is increasing at the rate of 100 cm?® per second;
at what speed is the radius increasing when the volume is 1000 cm®? The Greeks
were somewhat confused by such problems, being helped, of course, by some very
confusing Greeks. To show that there were difficulties in reasoning about speed
at the time, Zeno produced a large number of paradoxes, of which we shall men-
tion one to illustrate his point that there are obvious difficulties in thinking about
motion. ‘“‘Listen,” he says, “to the following argument: Achilles runs 10 times as
fast as a tortoise, nevertheless he can never catch the tortoise. For, suppose that
they start in a race where the tortoise is 100 meters ahead of Achilles; then when
Achilles has run the 100 meters to the place where the tortoise was, the tortoise has
proceeded 10 meters, having run one-tenth as fast. Now, Achilles has to run
another 10 meters to catch up with the tortoise, but on arriving at the end of that
run, he finds that the tortoise is still 1 meter ahead of him; running another meter,
he finds the tortoise 10 centimeters ahead, and so on, ad infinitum. Therefore, at
any moment the tortoise is always ahead of Achilles and Achilles can never catch,
up with the tortoise.” What is wrong with that? It is that a finite amount of time
can be divided into an infinite number of pieces, just as a length of line can be
divided into an infinite number of pieces by dividing repeatedly by two. And so,
although there are an infinite number of steps (in the argument) to the point at
which Achilles reaches the tortoise, it doesn’t mean that there is an infinite amount
of time. We can see from this example that there are indeed some subtleties in
reasoning about speed.

In order to get to the subtleties in a clearer fashion, we remind you of a joke
which you surely must have heard. At the point where the lady in the car is caught
by a cop, the cop comes up to her and says, “Lady, you were going 60 miles an
hour!” She says, “That’s impossible, sir, I was travelling for only seven minutes.
It is ridiculous—how can I go 60 miles an hour when I wasn’t going an hour?”
How would you answer her if you were the cop? Of course, if you were really the
cop, then no subtleties are involved; it is very simple: you say, “Tell that to the
judge!” But let us suppose that we do not have that escape and we make a more
honest, intellectual attack on the problem, and try to explain to this lady what
we mean by the idea that she was going 60 miles an hour. Just what do we mean?
We say, “What we mean, lady, is this: if you kept on going the same way as you
are going now, in the next hour you would go 60 miles.” She could say, “Well,
my foot was off the accelerator and the car was slowing down, so if I kept on going
that way it would not go 60 miles.” Or consider the falling ball and suppose we
want to know its speed at the time three seconds if the ball kept on going the way
it is going. What does that mean—kept on accelerating, going faster? No—kept
on going with the same velocity. But that is what we are trying to define! For if
the ball keeps on going the way it is going, it will just keep on going the way it is
going. Thus we need to define the velocity better. What has to be kept the same?
The lady can also argue this way: “If I kept on going the way I’'m going for one
more hour, I would run into that wall at the end of the street!”” It is not so easy to
say what we mean.

Many physicists think that measurement is the only definition of anything.
Obviously, then, we should use the instrument that measures the speed—the
speedometer—and say, “Look, lady, your speedometer reads 60.” So she says,
“My speedometer is broken and didn’t read at all.” Does that mean the car is
standing still? We believe that there is something to measure before we build
the speedometer. Only then can we say, for example, ‘“The speedometer isn’t
working right,” or “the speedometer is broken.” That would be a meaningless
sentence if the velocity had no meaning independent of the speedometer. So we
have in our minds, obviously, an idea that 1s independent of the speedometer,
and the speedometer is meant only to measure this idea. So let us see if we can get
a better definition of the idea. We say, “Yes, of course, before you went an hour,
you would hit that wall, but if you went one second, you would go 88 feet; lady,
you were going 88 feet per second, and if you kept on going, the next second it
would be 88 feet, and the wall down there is farther away than that.”” She says,
“Yes, but there’s no law against going 88 feet per second! There is only a law
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against going 60 miles an hour.” “But,” we reply, “it’s the same thing.” If it is
the same thing, it should not be necessary to go into this circumlocution about
88 feet per second. In fact, the falling ball could not keep going the same way
even one second because it would be changing speed, and we shall have to define
speed somehow.

Now we seem to be getting on the right track; it goes something like this:
If the lady kept on going for another 1/1000 of an hour, she would go 1/1000 of
60 miles. In other words, she does not have to keep on going for the whole hour;
the point is that for a moment she is going at that speed. Now what that means
is that if she went just a little bit more in time, the extra distance she goes would
be the same as that of a car that goes at a szeady speed of 60 miles an hour. Per-
haps the idea of the 88 feet per second is right; we see how far she went in the last
second, divide by 88 feet, and if it comes out 1 the speed was 60 miles an hour.
In other words, we can find the speed in this way: We ask, how far do we go in a
very short time? We divide that distance by the time, and that gives the speed.
But the time should be made as short as possible, the shorter the better, because
some change could take place during that time. If we take the time of a falling
body as an hour, the idea is ridiculous. If we take it as a second, the result is
pretty good for a car, because there is not much change in speed, but not for a
falling body; so in order to get the speed more and more accurately, we should
take a smaller and smaller time interval. What we should do is take a millionth
of a second, and divide that distance by a millionth of a second. The result gives
the distance per second, which is what we mean by the velocity, so we can define
it that way. That is a successful answer for the lady, or rather, that is the definition
that we are going to use.

The foregoing definition involves a new idea, an idea that was not available
to the Greeks in a general form. That idea was to take an infinitesimal distance
and the corresponding infinitesimal time, form the ratio, and watch what happens
to that ratio as the time that we use gets smaller and smaller and smaller. In other
words, take a limit of the distance travelled divided by the time required, as the
time taken gets smaller and smaller, ad infinitum. This idea was invented by
Newton and by Leibnitz, independently, and is the beginning of a new branch
of mathematics, called the differential calculus. Calculus was invented in order to
describe motion, and its first application was to the problem of defining what is
meant by going 60 miles an hour.”

Let us try to define velocity a little better. Suppose that in a short time,
¢, the car or other body goes a short distance x; then the velocity, v, is defined as

v = x/e,

an approximation that becomes better and better as the € is taken smaller and
smaller. If a mathematical expression is desired, we can say that the velocity
equals the limit as the e is made to go smaller and smaller in the expression x/e, or

» = lim>. 8.3)

We cannot do the same thing with the lady in the car, because the table is in-
complete. We know only where she was at intervals of one minute; we can get
a rough idea that she was going 5000 ft/min during the 7th minute, but we do not
know, at exactly the moment 7 minutes, whether she had been speeding up and the
speed was 4900 ft/min at the beginning of the 6th minute, and is now 5100 ft/min,
or something else, because we do not have the exact details in between. So only
if the table were completed with an infinite number of entries could we really
calculate the velocity from such a table. On the other hand, when we have a com-
plete mathematical formula, as in the case of a falling body (Eq. 8.1), then it is
possible to calculate the velocity, because we can calculate the position at any time
whatsoever.

Let us take as an example the problem of determining the velocity of the
falling ball at the particular time 5 seconds. One way to do this is to see from
84



Table 8-2 what it did in the 5th second; it went 400 — 256 = 144 ft, so it is going
144 ft/sec; however, that is wrong, because the speed is changing; on the average
it is 144 ft/sec during this interval, but the ball is speeding up and is really going
faster than 144 ft/sec. We want to find out exactly how fast. The technique in-
volved in this process is the following: We know where the ball was at 5 sec.
At 5.1 sec, the distance that it has gone all together is 16(5.1)2 = 416.16 ft (see
Eq. 8.1). At 5 sec it had already fallen 400 ft; in the last tenth of a second it fell
416.16 — 400 = 16.16 ft. Since 16.16 ft in 0.1 sec is the same as 161.6 ft/sec,
that is the speed more or less, but it is not exactly correct. Is that the speed at
5, or at 5.1, or halfway between at 5.05 sec, or when is that the speed? Never mind
—the problem was to find the speed ar 5 seconds, and we do not have exactly
that; we have to do a better job. So, we take one-thousandth of a second more than
5 sec, or 5.001 sec, and calculate the total fall as

s = 16(5.001)? = 16(25.010001) = 400.160016 ft.

In the last 0.001 sec the ball fell 0.160016 ft, and if we divide this number by 0.001
sec we obtain the speed as 160.016 ft/sec. That is closer, very close, but it is
still not exact. It should now be evident what we must do to find the speed exactly.
To perform the mathematics we state the problem a little more abstractly: to
find the velocity at a special time, 7y, which in the original problem was 5 sec.
Now the distance at 7, which we call s, is 1673, or 400 ft in this case. In order
to find the velocity, we ask, “At the time 7o + (a little bit), or ¢4 + €, where is
the body?” The new position is 16(zo + €)? = 1615 + 32f¢e + 16€2. So it is
farther along than it was before, because before it was only 16¢3. This distance
we shall call s; + (a little bit more), or so + x (if x is the extra bit). Now if we
subtract the distance at z, from the distance at ¢, 4+ €, we get x, the extra distance
gone, as x = 32¢t,- € + 16e2. Our first approximation to the velocity is

p =

o X

= 32t + 16e. (8.4)

The true velocity is the value of this ratio, x/e, when € becomes vanishingly small.
In other words, after forming the ratio, we take the limit as e gets smaller and
smaller, that is, approaches 0. The equation reduces to,

v (at time #y) = 32¢,.

In our problem, ¢, = 5 sec, so the solution is v = 32 X 5 = 160 ft/sec. A few
lines above, where we took € as 0.1 and 0.01 sec successively, the value we got for

v was a little more than this, but now we see that the actual velocity is precisely
160 ft/sec.

8-3 Speed as a derivative

The procedure we have just carried out is performed so often in mathematics
that for convenience special notations have been assigned to our quantities € and x.
In this notation, the € used above becomes At and x becomes As. This Af means
““an extra bit of 7,”” and carries an implication that it can be made smaller. The
prefix A is not a multiplier, any more than sin § means s-i-n: §—it simply
defines a time increment, and reminds us of its special character. As has an
analogous meaning for the distance s. Since A is not a factor, it cannot be can-
celled in the ratio As/At to give s/t, any more than the ratio sin 6/sin 26 can be
reduced to 1/2 by cancellation. In this notation, velocity is equal to the limit of
As/At when At gets smaller, or

v = lim —- (8.5)

This is really the same as our previous expression (8.3) with e and x, but it has the
advantage of showing that something is changing, and it keeps track of what is
changing.
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Incidentally, to a good approximation we have another law, which says that
the change in distance of a moving point is the velocity times the time interval,
or As = v At. This statement is true only if the velocity is not changing during
that time interval, and this condition is true only in the limit as Az goes to 0.
Physicists like to write it ds = v df, because by dt they mean Af in circumstances
in which it is very small; with this understanding, the expression is valid to a close
approximation. If Af is too long, the velocity might change during the interval,
and the approximation would become less accurate. For a time df, approaching
zero, ds = v dt precisely. In this notation we can write (8.5) as

p= lim As - ds .
At—0 Ay dt

The quantity ds/dr which we found above is called the “derivative of s with
respect to ¢ (this language helps to keep track of what was changed), and the com-
plicated process of finding it is called finding a derivative, or differentiating.
The ds’s and df’s which appear separately are called differentials. To familiarize
you with the words, we say we found the derivative of the function 16¢2, or the
derivative (with respect to 7) of 16¢2 is 32¢. When we get used to the words, the
ideas are more easily understood. For practice, let us find the derivative of a more
complicated function. We shall consider the formula s = A3 + Bt + C, which
might describe the motion of a point. The letters 4, B, and C represent constant
numbers, as in the familiar general form of a quadratic equation. Starting from
the formula for the motion, we wish to find the velocity at any time. To find
the velocity in the more elegant manner, we change ¢ to ¢t + At and note that
s is then changed to s + some As; then we find the As in terms of A¢z. That is to
say,

s+ As = At + AD® + B(t + A) + C
= At3 + Bt + C + 3412 At + B At + 341(A0)? + A(AD3,
but since
s = A3 + Bt + C,
we find that

As = 3A4t? At + B At + 341(A0)? + A(and.

But we do not want As—we want As divided by Ar. We divide the preceding equa-
tion by At, getting

As

= = 341% + B + 341(Ar) + A(arnc.

Table 8-3. A Short Table of Derivatives

S, u, v, w are arbitrary functions of ¢; a, b, ¢, and n are arbitrary constants

Function Derivative
s=1" %st=fzt"_1
_ ds _du
s = cu 7=
ds du | dv  dw
s=utov+w-+ 7 - atata™
ds
s=c Z_O
— u s _ (edu b coaw
sS=uvw... dt_s<udt+vdt+wdt+ )
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As At goes toward O the limit of As/At is ds/dt and is equal to

ds 2

¢ 7 34r° + B.

This is the fundamental process of calculus, differentiating functions. The process
is even more simple than it appears. Observe that when these expansions con-
tain any term with a square or a cube or any higher power of Az, such terms may be
dropped at once, since they will go to O when the limit is taken. After a little prac-
tice the process gets easier because one knows what to leave out. There are many
rules or formulas for differentiating various- types of functions. These can be
memorized, or can be found in tables. A short list is found in Table 8-3.

8-4 Distance as an integral

Now we have to discuss the inverse problem. Suppose that instead of a table of
distances, we have a table of speeds at different times, starting from zero. For the
falling ball, such speeds and times are shown in Table 8-4. A similar table could
be constructed for the velocity of the car, by recording the speedometer reading
every minute or half-minute. If we know how fast the car is going at any time, can
we determine how far it goes? This problem is just the inverse of the one solved Velocity of a Falling Ball

Table 8-4

above; we are given the velocity and asked to find the distance. How can we find

the distance if we know the speed? If the speed of the car is not constant, and the t (sec) v (ft/sec)
lady goes sixty miles an hour for a moment, then slows down, speeds up, and so 0 0
on, how can we determine how far she has gone? That is easy. We use the same 1 32
idea, and express the distance in terms of infinitesimals. Let us say, “In the first 2 64
second her speed was such and such, and from the formula As = v A7 we can 3 96
calculate how far the car went the first second at that speed.” Now in the next 4 128

second her speed is nearly the same, but slightly different; we can calculate how
far she went in the next second by taking the new speed times the time. We pro-
ceed similarly for each second, to the end of the run. We now have a number
of little distances, and the total distance will be the sum of all these little pieces.
That is, the distance will be the sum of the velocities times the times, or s =
> v At, where the Greek letter 3 (sigma) is used to denote addition. To be more
precise, it is the sum of the velocity at a certain time, let us say the i-th time,
multiplied by At.

s = 2 u(t,) At (8.6)

The rule for the times is that #,4 ; = £, + At. However, the distance we obtain
by this method will not be correct, because the velocity changes during the time
interval Ar. If we take the times short enough, the sum is precise, so we take them
smaller and smaller until we obtain the desired accuracy. The true s is

s = lim X o(1,) At 8.7
At—0
The mathematicians have invented a symbol for this limit, analogous to the symbol
for the differential. The A turns into a & to remind us that the time is as small as
it can be; the velocity is then called » at the time ¢, and the addition is written
as a sum with a great “s,” [ (from the Latin summa), which has become distorted
and is now unfortunately just called an integral sign. Thus we write

s = f (1) dt. (8.8)

This process of adding all these terms together is called integration, and it is the
opposite process to differentiation. The derivative of this integral is v, so one
operator (d) undoes the other (f). One can get formulas for integrals by taking
the formulas for derivatives and running them backwards, because they are re-
lated to each other inversely. Thus one can work out his own table of integrals
by differentiating all sorts of functions. For every formula with a differential,
we get an integral formula if we turn it around.
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Every function can be differentiated analytically, i.e., the process can be carried
out algebraically, and leads to a definite function. But it is not possible in a simple
manner to write an analytical value for any integral at will. You can calculate it,
for instance, by doing the above sum, and then doing it again with a finer interval
At and again with a finer interval until you have it nearly right. In general, given
some particular function, it is not possible to find, analytically, what the integral
is. One may always try to find a function which, when differentiated, gives some
desired function ; but one may not find it, and it may not exist, in the sense of being
expressible in terms of functions that have already been given names.

8-5 Acceleration

The next step in developing the equations of motion is to introduce another
idea which goes beyond the concept of velocity to that of change of velocity,
and we now ask, “How does the velocity change ?”” In previous chapters we have
discussed cases in which forces produce changes in velocity. You may have heard
with great excitement about some car that can get from rest to 60 miles an hour
in ten seconds flat. From such a performance we can see how fast the speed
changes, but only on the average. What we shall now discuss is the next level of
complexity, which is how fast the velocity is changing. In other words, by how
many feet per second does the velocity change in a second, that is, how many feet
per second, per second? We previously derived the formula for the velocity of
a falling body as v = 32¢, which is charted in Table 8-4, and now we want to
find out how much the velocity changes per second; this quantity is called the
acceleration.

Acceleration is defined as the time rate of change of velocity. From the
preceding discussion we know enough already to write the acceleration as the
derivative dv/dt, in the same way that the velocity is the derivative of the distance.
If we now differentiate the formula » = 321 we obtain, for a falling body,

dv
a = zl—t = 32, (8.9)
[To differentiate the term 32: we can utilize the result obtained in a previous
problem, where we found that the derivative of Bt is simply B (a constant). So
by letting B = 32, we have at once that the derivative of 327 is 32.] This means
that the velocity of a falling body is changing by 32 feet per second, per second
always. We also see from Table 8-4 that the velocity increases by 32 ft/sec in
each second. This is a very simple case, for accelerations are usually not constant.
The reason the acceleration is constant here is that the force on the falling body
is constant, and Newton’s law says that the acceleration is proportional to the force.

As a further example, let us find the acceleration in the problem we have
already solved for the velocity. Starting with

s=A’+ Bt + C
we obtained, for v = ds/dt,

v = 3412 + B.

Since acceleration is the derivative of the velocity with respect to the time, we need
to differentiate the last expression above. Recall the rule that the derivative of the
two terms on the right equals the sum of the derivatives of the individual terms.
To differentiate the first of these terms, instead of going through the fundamental
process again we note that we have already differentiated a quadratic term when
we differentiated 1612, and the effect was to double the numerical coefficient and
change the 12 to ¢; let us assume that the same thing will happen this time, and you
can check the result yourself. The derivative of 3412 will then be 647. Next we
differentiate B, a constant term; but by a rule stated previously, the derivative of
B is zero; hence this term contributes nothing to the acceleration. The final
result, therefore, is a = dv/dt = 6At.
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For reference, we state two very useful formulas, which can be obtained by
integration. If a body starts from rest and moves with a constant acceleration,
g, its velocity v at any time ¢ is given by

v = gt
The distance it covers in the same time is
s = g2

Various mathematical notations are used in writing derivatives. Since velocity
is ds/dt and acceleration is the time derivative of the velocity, we can also write

d (ds d’s
a=4 (F) -2, (8.10)

which are common ways of writing a second derivative.

We have another law that the velocity is equal to the integral of the accelera-
tion. This is just the opposite of @ = dv/dt; we have already seen that distance is
the integral of the velocity, so distance can be found by twice integrating the ac-
celeration.

In the foregoing discussion the motion was in only one dimension, and space
permits only a brief discussion of motion in three dimensions. Consider a particle
P which moves in three dimensions in any manner whatsoever. At the beginning
of this chapter, we opened our discussion of the one-dimensional case of a moving
car by observing the distance of the car from its starting point at various times.
We then discussed velocity in terms of changes of these distances with time, and
acceleration in terms of changes in velocity. We can treat three-dimensional motion
analogously. It will be simpler to illustrate the motion on a two-dimensional
diagram, and then extend the ideas to three dimensions. We establish a pair of
axes at right angles to each other, and determine ihe position of the particle at any
moment by measuring how far it is from each of the two axes. Thus each position
is given in terms of an x-distance and a y-distance, and the motion can be described
by constructing a table in which both these distances are given as functions of time.
(Extension of this process to three dimensions requires only another axis, at right
angles to the first two, and measuring a third distance, the z-distance. The dis-
tances are now measured from coordinate planes instead of lines.) Having con-
structed a table with x- and y-distances, how can we determine the velocity?
We first find the components of velocity in each direction. The horizontal part of
the velocity, or x-component, is the derivative of the x-distance with respect to
the time, or

v, = dx/dt. 8.11)

Similarly, the vertical part of the velocity, or y-component, is

vy, = dy/dt. 8.12)
In the third dimension,
v, = dz/d1. 8.13)

Now, given the components of velocity, how can we find the velocity along the
actual path of motion? In the two-dimensional case, consider two successive
positions of the particle, separated by a short distance As and a short time in-
terval £, — t; = At. In the time Ar the particle moves horizontally a distance
Ax ~ v At, and vertically a distance Ay ~ v, At. (The symbol “~” is read
“is approximately.”) The actual distance moved is approximately

As ~ V(Ax)* + (4y)%, (8.14)

as shown in Fig. 8-3. The approximate velocity during this interval can be obtained
by dividing by At and by letting At go to 0, as at the beginning of the chapter.
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Fig. 8-4. The parabola described by
a falling body with an initial horizontal
velocity.

We then get the velocity as

v =B~ @@y T @ = I+ 8.15)

For three dimensions the result is

v =V + v2 + v2. (8.16)

In the same way as we defined velocities, we can define accelerations: we have
an x-component of acceleration a,, which is the derivative of v,, the x-component
of the velocity (that is, a, = d?x/dt?, the second derivative of x with respect to
1), and so on.

Let us consider one nice example of compound motion in a plane. We shall
take a motion in which a ball moves horizontally with a constant velocity u, and
at the same time goes vertically downward with a constant acceleration —g;
what is the motion? We can say dx/dt = », = u. Since the velocity v, is constant,

x = ut, 8.17)

and since the downward acceleration —g is constant, the distance y the object
falls can be written as

y = —ig1’ (8.18)

What is the curve of its path, i.e., what is the relationt between y and x? We can
eliminate ¢ from Eq. (8.18), since 1 = x/u. When we make this substitution we
find that
= -8 ,2

y = 22 X (8.19)
This relation between y and x may be considered as the equation of the path of
the moving ball. When this equation is plotted we obtain a curve that is called a
parabola; any freely falling body that is shot out in any direction will travel in
a parabola, as shown in Fig. 8-4.
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Newton’s Laws of Dynamies

9-1 Momentum and force

The discovery of the laws of dynamics, or the laws of motion, was a dramatic
moment in the history of science. Before Newton’s time, the motions of things
like the planets were a mystery, but after Newton there was complete under-
standing. Even the slight deviations from Kepler’s laws, due to the perturbations
of the planets, were computable. The motions of pendulums, oscillators with
springs and weights in them, and 50 on, could all be analyzed completely after
Newton's laws were enunciated. So it is with this chapter: before this chapter we
could not calculate how a mass on a spring would move; much less could we
calculate the perturbations on the planet Uranus due to Jupiter and Saturn. After
this chapter we will be able to compute not only the motion of the oscillating mass,
but also the perturbations on the planet Uranus produced by Jupiter and Saturn!

Galileo made a great advance in the understanding of motion when he
discovered the principle of nertia: 1f an object is left alone, is not disturbed, it
continues to move with a constant velocity in a straight line if it was originally
moving, or it continues to stand still if it was just standing still. Of course this
never appears to be the case in nature, for if we slide a block across a table it stops,
but that 1s because 1t is not left to itself—it is rubbing against the table. It required
a certain imagination to find the right rule, and that imagination was supplied
by Galileo.

Of course, the next thing which is needed is a rule for finding how an object
changes its speed if something is affecting it. That is the contribution of Newton.
Newton wrote down three laws: The First Law was a mere restatement of the
Galilean principle of inertia just described. The Second Law gave a specific way
of determining how the velocity changes under different influences called forces.
The Third Law describes the forces to some extent, and we shall discuss that at
another time. Here we shall discuss only the Second Law, which asserts that the
motion of an object is changed by forces in this way: the time-rate-of-change of a
quantity called momentum 1s proportional to the force. We shall state this mathe-
matically shortly, but let us first explain the 1dea.

Momentum is not the same as velocity. A lot of words are used in physics,
and'they all have precise meanings in physics, although they may not have such
precise meanings in everyday language. Momentum is an example, and we must
define it precisely. If we exert a certain push with our arms on an object that is
light, it moves easily; if we push just as hard on another object that is much heavier
in the usual sense, then it moves much less rapidly. Actually, we must change the
words from “light” and “heavy” to less massive and more massive, because there
is a difference to be understood between the weigh: of an object and its inertia.
(How hard it is to get it going is one thing, and how much it weighs is something
else.) Weight and inertia are proportional, and on the earth’s surface are often
taken to be numerically equal, which causes a certain confusion to the student.
On Mars, weights would be different but the amount of force needed to overcome
inertia would be the same.

We use the term mass as a quantitative measure of inertia, and we may
measure mass, for example, by swinging an object in a circle at a certain speed and
measuring how much force we need to keep it in the circle. In this way we find a
certain quantity of mass for every object. Now the momentum of an object is a
product of two parts: its mass and its velocity. Thus Newton’s Second Law may
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Fig. 9-1.
object.

A small displacement of an

be written mathematically this way:
_d
=7 (mv). ©.1)

Now there are several points to be considered. In writing down any law such as
this, we use many intuitive ideas, implications, and assumptions which are at
first combined approximately into our “law.” Later we may have to come back
and study in greater detail exactly what each term means, but if we try to do this
too soon we shall get confused. Thus at the beginning we take several things for
granted. First, that the mass of an object is constant; it isn’t really, but we shall
start out with the Newtonian approximation that mass is constant, the same all
the time, and that, further, when we put two objects together, their masses add.
These ideas were of course implied by Newton when he wrote his equation, for
otherwise it is meaningless. For example, suppose the mass varied inversely as the
velocity; then the momentum would never change in any circumstance, so the law
means nothing unless you know how the mass changes with velocity. At first
we say, it does not change.

Then there are some implications concerning force. As a rough approximation
we think of force as a kind of push or pull that we make with our muscles, but
we can define it more accurately now that we have this law of motion. The most
important thing to realize is that this relationship involves not only changes in
the magnitude of the momentum or of the velocity but also in their direction.
If the mass is constant, then Eq. (9.1) can also be written as

F=m %—z = ma. 9.2)
The acceleration a is the rate of change of the velocity, and Newton’s Second
Law says more than that the effect of a given force varies inversely as the mass;
it says also that the direction of the change in the velocity and the direction of the
force are the same. Thus we must understand that a change in a velocity, or an
acceleration, has a wider meaning than in common language: The velocity of a
moving object can change by its speeding up, slowing down (when it slows down,
we say it accelerates with a negative acceleration), or changing its direction of
motion. An acceleration at right angles to the velocity was discussed in Chapter 7.
There we saw that an object moving in a circle of radius R with a certain speed v
along the circle falls away from a straightline path by a distance equal to $(v2/R)t?
if ¢ is very small. Thus the formula for acceleration at right angles to the motion is

a = v%/R, 3

and a force at right angles to the velocity will cause an object to move in a curved
path whose radrus of curvature can be found by dividing the force by the mass to
get the acceleration, and then using (9.3).

9-2 Speed and velocity

In order to make our language more precise, we shall make one further
definition in our use of the words speed and velocity. Ordinarily we think of speed
and velocity as being the same, and in ordinary language they are the same. But in
physics we have taken advantage of the fact that there are two words and have
chosen to use them to distinguish two ideas. We carefully distinguish velocity,
which has both magnitude and direction, from speed, which we choose to mean
the magnitude of the velocity, but which does not include the direction. We can
formulate this more precisely by describing how the x-, y-, and z-coordinates of
an object change with time. Suppose, for example, that at a certain instant an
object is moving as shown 1 Fig. 9-1. In a given small interval of time At it
will move a certain distance Ax in the x-direction, Ay in the y-direction, and Az in
the z-direction. The total effect of these three coordinate changes is a displacement
As along the diagonal of a parallelepiped whose sides are Ax, Ay, and Az. In terms
9-2
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of the velocity, the displacement Ax is the x-component of the velocity times Az,
and similarly for Ay and Az:

Ax = v, A1, Ay = v, At, Az = y, AL, 9.4

9-3 Components of velocity, acceleration, and force

In Eq. (9.4) we have resolved the velocity into components by telling how fast the
object is moving in the x-direction, the y-direction, and the z-direction. The
velocity is completely specified, both as to magnitude and direction, if we give the
numerical values of its three rectangular components:

ry = dx/di, vy, = dy/dt, v, = dz/dt. 9.5)
On the other hand, the speed of the object 1s

ds/dt = |v] = Vol + 02 + 2 9.6)

Next, suppose that, because of the action of a force, the velocity changes to
some other direction and a different magnitude, as shown in Fig. 9-2. We can
analyze this apparently complex situation rather simply if we evaluate the changes
in the x-, y-, and z-components of velocity. The change in the component of the
velocity in the x-direction in a time Az is Av, = a, At, where a, is what we call the
x-component of the acceleration. Similarly, we see that Av, = a, At and Av, =
a, At. In these terms, we see that Newton’s Second Law, in saying that the force
is in the same direction as the acceleration, is really three laws, in the sense that
the component of the force in the x-, y-, or z-direction is equal to the mass times
the rate of change of the corresponding component of velocity:

F, = m(dv,/dt) = m(d*x/dt?) = ma,,
F, = m(dv,/df) = m(d?y/dt?) = ma,, 9.7
F, = m(dv./dt) = m(d®z/dt?) = ma,.

I

I

Just as the velocity and acceleration have been resolved into components by
projecting a line segment representing the quantity and its direction onto three
coordinate axes, so, in the same way, a force in a given direction is represented
by certain components in the x-, y-, and z-directions:

F, = Fcos (x, F),
Fcos(y, F), “.8)
F, = Fcos (z, F),

>
I

where F is the magnitude of the force and (x, F) represents the angle between the
x-axis and the direction of F, etc.

Newton’s Second Law is given in complete form in Eq. (9.7). If we know the
forces on an object and resolve them into x-, y-, and z-components, then we can
find the motion of the object from these equations. Let us consider a simple
example. Suppose there are no forces in the y- and z-directions, the only force
being in the x-direction, say vertically. Equation (9.7) tells us that there would be
changes in the velocity in the vertical direction, but no changes in the horizontal
direction. This was demonstrated with a special apparatus in Chapter 7 (see
Fig. 7-3). A falling body moves horizontally without any change in horizontal
motion, while it moves vertically the same way as it would move if the horizontal
motion were zero. In other words, motions in the x-, y-, and z-directions are
independent if the forces are not connected.

9-4 What is the force?

In order to use Newton’s laws, we have to have some formula for the force;
these laws say pay attention to the forces. 1f an object is accelerating, some agency
is at work; find it. Our program for the future of dynamics must be to find the
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Fig. 9-3.
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A mass on a spring.

laws for the force. Newton himself went on to give some examples. In the case
of gravity he gave a specific formula for the force. In the case of other forces he
gave some part of the information in his Third Law, which we will study in the
next chapter, having to do with the equality of action and reaction.

Extending our previous example, what are the forces on objects near the
earth’s surface? Near the earth’s surface, the force in the vertical direction due
to gravity is proportional to the mass of the object and is nearly independent of
height for heights small compared with the earth’s radius R: F = GmM/R? = mg,
where g = GM/R? is called the acceleration of gravity. Thus the law of gravity
tells us that weight is proportional to mass; the force is in the vertical direction
and is the mass times g. Again we find that the motion in the horizontal direction
is at constant velocity. The interesting motion is in the vertical direction, and
Newton’s Second Law tells us

mg = m(d%x/dt?). ©.9)

Cancelling the m’s, we find that the acceleration in the x-direction is constant and
equal to g. This is of course the well known law of free fall under gravity, which
leads to the equations

vy = Vo + gt
xo + vot + 3gt 9.10)

X

As another example, let us suppose that we have been able to build a gadget
(Fig. 9-3) which applies a force proportional to the distance and directed oppositely
—a spring. If we forget about gravity, which is of course balanced out by the
initial stretch of the spring, and talk only about excess forces, we see that if we
pull the mass down, the spring pulls up, while if we push it up the spring pulls
down. This machine has been designed carefully so that the force is greater, the
more we pull it up, in exact proportion to the displacement from the balanced
condition, and the force upward is similarly proportional to how far we pull down.
If we watch the dynamics of this machine, we see a rather beautiful motion—up,
down, up, down, ... The question is, will Newton’s equations correctly describe
this motion? Let us see whether we can exactly calculate how it moves with this
periodic oscillation, by applying Newton’s law (9.7). In the present instance,
the equation is

—kx = m(dv,/dr). ©.11)

Here we have a situation where the velocity in the x-direction changes at a rate
proportional to x. Nothing will be gained by retaining numerous constants, so
we shall imagine either that the scale of time has changed or that there is an
accident in the units, so that we happen to have k/m = 1. Thus we shall try to
solve the equation

dvg/dt = —x. (0.12)

To proceed, we must know what v, is, but of course we know that the velocity is
the rate of change of the position.

9-5 Meaning of the dynamical equations

Now let us try to analyze just what Eq. (9.12) means. Suppose that at a
given time 7 the object has a certain velocity v, and position x. What is the velocity
and what is the position at a slightly later time ¢ + €? If we can answer this
question our problem is solved, for then we can start with the given condition and
compute how it changes for the first instant, the next instant, the next instant, and
so on, and in this way we gradually evolve the motion. To be specific, let us suppose
that at the time r = 0 we are given that x = 1 and v, = 0. Why does the object
move at all? Because there is a force on it when it is at any position except x = 0.
If x > 0, that force is upward. Therefore the velocity which is zero starts to
change, because of the law of motion. Once it starts to build up some velocity
the object starts to move up, and so on. Now at any time ¢, if € is very small,
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we may express the position at time ¢ - € in terms of the position at time ¢ and
the velocity at time ¢ to a very good approximation as

x(t + € = x(1) + ens(d). (9.13)

The smaller the €, the more accurate this expression is, but it is still usefully accurate
even if € is not vanishingly small. Now what about the velocity? In order to get
the velocity later, the velocity at the time ¢ + €, we need to know how the velocity
changes, the acceleration. And how are we going to find the acceleration? That
is where the law of dynamics comes in. The law of dynamics tells us what the
acceleration is. It says the acceleration is —x.

0:(t + € = v,(1) + eay(t) (9.14)
v:(8) — ex(1). 9.15)

Equation (9.14) is merely kinematics; it says that a velocity changes because of
the presence of acceleration. But Eq. (9.15) is dynamics, because it relates the
acceleration to the force; it says that at this particular time for this particular
problem, you can replace the acceleration by —x(7). Therefore, if we know both
the x and v at a given time, we know the acceleration, which tells us the new
velocity, and we know the new position—this is how the machinery works. The
velocity changes a little bit because of the force, and the position changes a little
bit because of the velocity.

9-6 Numerical solution of the equations

Now let us really solve the problem. Suppose that we take ¢ = 0.100 sec.
After we do all the work if we find that this is not small enough we may have to
go back and do it again with ¢ = 0.010 sec. Starting with our initial value x(0) =
1.00, what is x(0.1)? It is the old position x(0) plus the velocity (which is zero)
times 0.10 sec. Thus x(0.1) is still 1.00 because it has not yet started to move.
But the new velocity at 0.10 sec will be the old velocity »(0) = O plus € times the

acceleration. The acceleration is —x(0) = —1.00. Thus
2(0.1) = 0.00 — 0.10 X 1.00 = —0.10.
Now at 0.20 sec
x(0.2) = x(0.1) + €»(0.1)
= 1.00 — 0.10 X 0.10 = 0.99

and
2(0.2) = »(0.1) 4+ €a(0.1)
= —0.10 — 0.10 X 1.00 = —0.20.

And so, on and on and on, we can calculate the rest of the motion, and that is
just what we shall do. However, for practical purposes there are some little tricks
by which we can increase the accuracy. If we continued this calculation as we have
started it, we would find the motion only rather crudely because ¢ = 0.100 sec
is rather crude, and we would have to go to a very small interval, say e = 0.01.
Then to go through a reasonable total time interval would take a lot of cycles of
computation. So we shall organize the work in a way that will increase the pre-
cision of our calculations, using the same coarse interval € = (.10 sec. This can
be done if we make a subtle improvement in the technique of the analysis.
Notice that the new position is the old position plus the time interval e times
the velocity. But the velocity when? The velocity at the beginning of the time
interval is one velocity and the velocity at the end of the time interval is another
velocity. Our improvement is to use the velocity kalfway berween. 1If we know
the speed now, but the speed is changing, then we are not going to get the right
answer by going at the same speed as now. We should use some speed between
the “now” speed and the “then” speed at the end of the interval. The same
considerations also apply to the velocity: to compute the velocity changes, we

9-5



Table 9-1

Solution of dv,/dt = —x

Interval: € = 0.10 sec

t x Uz ax
0.0 1.000 0.000 —1.000
—0.050
0.1 0.995 —0.995
—0.150
0.2 0.980 -0.980
—0.248
0.3 0.955 —0.955
—0.343
0.4 0.921 —0.921
—0.435
0.5 0.877 —0.877
—0.523 —
0.6 0.825 —0.825
—0.605
0.7 0.764 —0.764
—0.682
0.8 0.696 —0.696
—0.751
0.9 0.621 -0.621
-0.814
1.0 0.540 —0.540
——0.868 —
11 0.453 —0.453
—0.913
1.2 0.362 —0.362
—0.949
1.3 0.267 —0.267
—0.976
1.4 0.169 -0.169
—0.993
1.5 0.070 —0.070
——1.000—
1.6 —0.030 +0.030
x
10
05
0 05 10 L5 N\ t(sec)

Fig. 9-4. Graph of the motion of a

mass on a spring.

should use the acceleration midway between the two times at which the velocity
is to be found. Thus the equations that we shall actually use will be something
like this: the position later is equal to the position before plus € times the velocity
at the time in the middle of the interval. Similarly, the velocity at this halfway point
is the velocity at a time € before (which is in the middle of the previous interval)
plus e times the acceleration at the time 7. That is, we use the equations

x(t + € = x() + ev(t + €/2),
o(t + €/2) = v(t — €/2) + ea(?), (9.16)
a(t) = —x().

There remains only one slight problem: what is »(¢/2)? At the start, we are given
v(0), not v(—e/2). To get our calculation'started, we shall use a special equation,
namely, v(e/2) = »(0) + (&/2)a(0).

Now we are ready to carry through our calculation. For convenience, we
may arrange the work in the form of a table, with columns for the time, the position,
the velocity, and the acceleration, and the in-between lines for the velocity, as
shown in Table 9-1. Such a table is, of course, just a convenient way of representing
the numerical values obtained from the set of equations (9.16), and in fact the
equations themselves need never be written. We just fill in the various spaces in
the table one by one. This table now gives us a very good idea of the motion:
it starts from rest, first picks up a little upward (negative) velocity and it loses
some of its distance. The acceleration is then a little bit less but it is still gaining
speed. But as it goes on it gains speed more and more slowly, until as it passes
x = 0 at about t = 1.50 sec we can confidently predict that it will keep going,
but now it will be on the other side; the position x will become negative, the ac-
celeration therefore positive. Thus the speed decreases. It is interesting to compare
these numbers with the function x = cos ¢, which is done in Fig. 9-4. The agree-
ment is within the three significant figure accuracy of our calculation! We shall
see later that x = cos 7 is the exact mathematical solution of our equation of
motion, but it is an impressive illustration of the power of numerical analysis that
such an easy calculation should give such precise results.

9-7 Planetary motions

The above analysis is very nice for the motion of an oscillating spring, but
can we analyze the motion of a planet around the sun? Let us see whether we
can arrive at an approximation to an ellipse for the orbit. We shall suppose that
the sun is infinitely heavy, in the sense that we shall not include its motion. Suppose
a planet starts at a certain place and is moving with a certain velocity; it goes
around the sun 1 some curve, and we shall try to analyze, by Newton’s laws of
motion and his law of gravitation, what the curve is. How? At a given moment
it is at some position in space. If the radial distance from the sun to this position
is called r, then we know that there is a force directed inward which, according to
the law of gravity, is equal to a constant times the product of the sun’s mass and
the planet’s mass divided by the square of the distance. To analyze this further
we must find out what acceleration will be produced by this force. We shall need
the components of the acceleration along two directions, which we call x and y.
Thus if we specify the position of the planet at a given moment by giving x and y
(we shall suppose that z is always zero because there is no force in the z-direction
and, if there is no initial velocity v,, there will be nothing to make z other than
zero), the force is directed along the line joining the planet to the sun, as shown
in Fig. 9-5.

From this figure we see that the horizontal component of the force is related
to the complete force in the same manner as the horizontal distance x 1s to the
complete hypotenuse r, because the two triangles are similar. Also, if x 1s positive,
F.is negative. Thatis, F,/|F| = —x/r,or F, = —|Flx/r = —GMmx/r3. Now
we use the dynamical law to find that this force component is equal to the mass of
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the planet times the rate of change of its velocity in the x-direction. Thus we find
the following laws:

m(dv,/dt) = —GMmx/r3,
m(dv,/dt) = —GMmy/r3, ©.17)
Vix? 4+ y2

This, then, is the set of equations we must solve. Again, in order to simplify the
numerical work, we shall suppose that the unit of time, or the mass of the sun, has
been so adjusted (or luck is with us) that GM = 1. For our specific example we
shall suppose that the initial position of the planet is at x = 0.500 and y = 0.000,
and that the velocity is all in the y-direction at the start, and is of magnitude
1.6300. Now how do we make the calculation? We again make a table with
columns for the time, the x-position, the x-velocity v, and the x-acceleration a,;
then, separated by a double line, three columns for position, velocity, and accelera-
tion in the y-direction. In order to get the accelerations we are going to need
Eq. (9.17); it tells us that the acceleration in the x-direction is —x/r®, and the
acceleration in the y-direction is —y/r3, and that r is the square root of x? + y2.
Thus, given x and p, we must do a little calculating on the side, taking the square
root of the sum of the squares to find » and then, to get ready to calculate the two
accelerations, it is useful also to evaluate 1/r3. This work can be done rather
easily by using a table of squares, cubes, and reciprocals: then we need only
multiply x by 1/r3, which we do on a slide rule.

Our calculation thus proceeds by the following steps, using time intervals
¢ = 0.100: Initial values at ¢ = O:

r

x(0) = 0.500 »(©0) = 0.000
2,(0) = 0.000 2,(0) = +1.630
From these we find:
r(0) = 0.500 1/r3(0) = 8.000
ay = —4,000 a,, = 0.000

Thus we may calculate the velocities v,(0.05) and v,(0.05):

,(0.05) = 0.000 — 4.000 X 0.050 = —0.200;
,(0.05) = 1.630 + 0.000 X 0.100 =  1.630.

Now our main calculations begin:

x(0.1) = 0.500 — 020 X 0.1 = 0.480
y©0.1) = 00 + 1.63 X 0.1 = 0.163
r = V04802 + 01632 = 0507
1/r3 = 7.67

a:(0.1) = 0.480 X 7.67 = —3.68
a,(0.1) = —0.163 X 7.67 = —1256
0,(0.15) = —0.200 — 3.68 X 0.1 = —0.568
2,(0.15) = 1.630 — 126 X 0.1 = 1505
x(0.2) = 0.480 — 0.568 X 0.1 = 0.423
$(0.2) = 0.163 + 1.50 X 0.1 = 0313

etc.

In this way we obtain the values given in Table 9-2, and in 20 steps or so we have
chased the planet halfway around the sun! In Fig. 9-6 are plotted the x- and
y-coordinates given in Table 9-2. The dots represent the positions at the succession
of times a tenth of a unit apart; we see that at the start the planet moves rapidly
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Table 9-2
Solution of dv,/dt = —x/r% dv,/dt = —y/r®, r = Vx% + y2
Interval: € = 0.100
Orbit v, =163 v, =0 x=05 y=0 at t=0

t x Vg az y vy ay r 1/r3
0.0 0.500 —4.00 0.000 0.00 0.500 | 8.000
—0.200 1.630
0.1 0.480 —3.68 0.163 —1.25 0.507 | 7.675
—0.568 1.505
0.2 0.423 —-291 0.313 —2.15 0.526 | 6.873
—0.859 1.290
0.3 0.337 -1.96 0.442 —2.57 0.556 | 5.824
—1.055 1.033
0.4 0.232 —1.11 0.545 —-2.62 0.592 | 4.81
—1.166 0.771
0.5 0.115 —0.453 0.622 —245 0.633 | 3.942
— | —1.211- - 0.526-
0.6 | —0.006 +0.020 0.675 —2.20 0.675 | 3.252
—1.209 0.306
0.7 { —0.127 +-0.344 0.706 -1.91 0.717 | 2.712
—1.175 0.115
0.8 | —0.245 +0.562 0.718 —1.64 0.758 | 2.296
—1.119 —0.049
0.9 | —0.357 +0.705 0.713 —1.41 0.797 | 1.975
—1.048 —0.190
1.0 | —0.462 +0.796 0.6%4 -1.20 0.834 | 1.723
—|——|- —0.968- -—0.310-
1.1 | —0.559 +0.858 0.663 —1.02 0.867 | 1.535
—0.882 —0.412
1.2 | —0.647 +0.90 0.622 —0.86 0.897 | 1.385
—0.792 —0.499
1.3 | —0.726 -+0.92 0.572 -0.72 0.924 | 1.267
—0.700 —0.570
14 | —0.796 +0.93 0.515 —0.60 0.948 { 1.173
—0.607 —0.630
1.5 | —0.857 +0.94 0.452 —0.50 0.969 | 1.099
— |- —0.513- - —0.680-
1.6 | —0.908 +0.95 0.384 —0.40 0.986 | 1.043
—0.418 —0.720
1.7 | —0.950 +0.95 0.312 —0.31 1.000 | 1.000
—0.323 —0.751
1.8 [ —0.982 +0.95 0.237 -0.23 1.010 | 0.970
—0.228 =0.773
1.9 | —1.005 +0.95 0.160 —0.15 1.018 | 0.948
—0.113 —0.778
20 | —1.018 -+0.96 0.081 —0.08 1.021 | 0.939
— |[—— |- —0.037- - —0.796 -
2.1 | —1.022 +0.95 0.001 0.00 1.022 | 0.936
+0.058 —=0.796
22 | —1.016 +0.96 —0.079 +0.07 1.019 | 0.945
—0.789
23

Crossed x-axis at 2.101 sec, .". period = 4.20 sec.
v, = 0 at 2.086 sec.

1.022 4 0.500
Cross x at 1.022, .". semimajor axis = 1022 + 0500 = 0.761.

2
v, = 0.79.
Predicted time 7(0.761)%% = (0.663) = 2.082.
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and at the end it moves slowly, and so the shape of the curve is determined. Thus
we see that we really do know how to calculate the motion of planets!

Now let us see how we can calculate the motion of Neptune, Jupiter, Uranus,
or any other planet. If we have a great many planets, and let the sun move too,
can we do the same thing? Of course we can. We calculate the force on a particular
planet, let us say planet number 7, which has a position x,, y,, z, (i = 1 may repre-
sent the sun, / = 2 Mercury, i = 3 Venus, and so on). We must know the positions
of all the planets. The force acting on one is due to all the other bodies which
are located, let us say, at positions x,, y,, z,. Therefore the equations are

N

dvy Gm,m,(x, — x,)
Mg = Z - —ﬁ_rT—_’
1=1 %]
dvy _ - — Gm.m,(y, — y,)
m, — = > . 9.18)
J=1 17
dv,, y Gm,m,(z, — z,)
m e - 37 Gt = 5)

127}

~
I
-

Further, we define 7, as the distance between the two planets / and j; this is equal to

ry =V = P2+ 00~ )+ @ — )% (9.19)

Also, >~ means a sum over all values of j—all other bodies—except, of course,
for j = i. Thus all we have to do is to make more columns, /ots more columns.
We need nine columns for the motions of Jupiter, nine for the motions of Saturn,
and so on. Then when we have all initial positions and velocities we can calculate
all the accelerations from Eq. (9.18) by first calculating all the distances, using
Eq. (9.19). How long will it take to do it? If you do it at home, it will take a
very long time! But in modern times we have machines which do arithmetic very
rapidly; a very good computing machine may take 1 microsecond, that is, a
millionth of a second, to do an addition. To do a multiplication takes longer,
say 10 microseconds. It may be that in one cycle of calculation, depending on
the problem, we may have 30 multiplications, or something like that, so one cycle
will take 300 microseconds. That means that we can do 3000 cycles of computation
per second. In order to get an accuracy, of, say, one part in a billion, we would
need 4 X 10° cycles to correspond to one revolution of a planet around the sun.
That corresponds to a computation time of 130 seconds or about two minutes.
Thus it take only two minutes to follow Jupiter around the sun, with all the
perturbations of all the planets correct to one part in a billion, by this method!
(It turns out that the error varies about as the square of the interval e. If we make
the interval a thousand times smaller, it is a million times more accurate. So, let
us make the interval 10,000 times smaller.)

So, as we said, we began this chapter not knowing how to calculate even the
motion of a mass on a spring. Now, armed with the tremendous power of Newton’s
laws, we can not only calculate such simple motions but also, given only a machine
to handle the arithmetic, even the tremendously complex motions of the planets,
1o as high a degree of precision as we wish!



10

Conservation of Momentum

10-1 Newton’s Third Law

On the basis of Newton’s second law of motion, which gives the relation
between the acceleration of any body and the force acting on it, any problem in
mechanics can be solved in principle. For example, to determine the motion of a
few particles, one can use the numerical method developed in the preceding chapter.
But there are good reasons to make a further study of Newton’s laws. First, there
are quite simple cases of motion which can be analyzed not only by numerical
methods, but also by direct mathematical analysis. For example, although we
know that the acceleration of a falling body is 32 ft/sec2, and from this fact could
calculate the motion by numerical methods, it is much easier and more satisfactory
to analyze the motion and find the general solution, s = sq + vot + 16¢2. In
the same way, although we can work out the positions of a harmonic oscillator by
numerical methods, it is also possible to show analytically that the general solution
is a simple cosine function of ¢, and so it is unnecessary to go to all that arithmetical
trouble when there is a simple and more accurate way to get the result. In the
same manner, although the motion of one body around the sun, determined by
gravitation, can be calculated point by point by the numerical methods of Chapter
9, which show the general shape of the orbit, it is nice also to get the exact shape,
which analysis reveals as a perfect ellipse.

Unfortunately, there are really very few problems which can be solved exactly
by analysis. In the case of the harmonic oscillator, for example, if the spring force
is not proportional to the displacement, but is something more complicated, one
must fall back on the numerical method. Or if there are two bodies going around
the sun, so that the total number of bodies is three, then analysis cannot produce a
simple formula for the motion, and in practice the problem must be done numeri-
cally. That is the famous three-body problem, which so long challenged human
powers of analysis; it is very interesting how long it took people to appreciate
the fact that perhaps the powers of mathematical analysis were limited and it
might be necessary to use the numerical methods. Today an enormous number of
problems that cannot be done analytically are solved by numerical methods, and
the old three-body problem, which was supposed to be so difficult, is solved as a
matter of routine in exactly the same manner that was described in the preceding
chapter, namely, by doing enough arithmetic. However, there are also situations
where both methods fail: the simple problems we can do by analysis, and the
moderately difficult problems by numerical, arithmetical methods, but the very
complicated problems we cannot do by either method. A complicated problem is,
for example, the collision of two automobiles, or even the motion of the molecules
of a gas. There are countless particles in a cubic millimeter of gas, and it would
be ridiculous to try to make calculations with so many variables (about 10'7—
a hundred million billion). Anything like the motion of the molecules or atoms of
a gas or a block or iron, or the motion of the stars in a globular cluster, instead of
just two or three planets going around the sun—such problems we cannot do
directly, so we have to seek other means.

In the situations in which we cannot follow details, we need to know some
general properties, that is, general theorems or principles which are consequences
of Newton’s laws. One of these is the principle of conservation of energy, which
was discussed in Chapter 4. Another is the principle of conservation of momentum,
the subject of this chapter. Another reason for studying mechanics further is that
there are certain patterns of motion that are repeated in many different circum-
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stances, so it is good to study these patterns in one particular circumstance. For
example, we shall study collisions; different kinds of collisions have much in
common. In the flow of fluids, it does not make much difference what the fluid is,
the laws of the flow are similar. Other problems that we shall study are vibrations
and oscillations and, in particular, the peculiar phenomena of mechanical waves—
sound, vibrations of rods, and so on.

In our discussion of Newton’s laws it was explained that these laws are a kind
of program that says “Pay attention to the forces,” and that Newton told us only
two things about the nature of forces. In the case of gravitation, he gave us the
complete law of the force. In the case of the very complicated forces between
atoms, he was not aware of the right laws for the forces; however, he discovered
one rule, one general property of forces, which is expressed in his Third Law, and
that is the total knowledge that Newton had about the nature of forces—the law
of gravitation and this principle, but no other details.

This principle is that action equals reaction.

What is meant is something of this kind: Suppose we have two small bodies,
say particles, and suppose that the first one exerts a force on the second one,
pushing it with a certain force. Then, simultaneously, according to Newton’s
Third Law, the second particle will push on the first with an equal force, in the
opposite direction; furthermore, these forces effectively act in the same line.
This is the hypothesis, or law, that Newton proposed, and it seems to be quite
accurate, though not exact (we shall discuss the errors later). For the moment
we shall take it to be true that action equals reaction. Of course, if there is a third
particle, not on the same line as the other two, the law does nof mean that the total
force on the first one is equal to the total force on the second, since the third particle,
for instance, exerts its own push on each of the other two. The result is that the
total effect on the first two is in some other direction, and the forces on the first
two particles are, in general, neither equal nor opposite. However, the forces on
each particle can be resolved into parts, there being one contribution or part due
to each other interacting particle. Then each pair of particles has corresponding
components of mutual interaction that are equal in magnitude and opposite in
direction.

10-2 Conservation of momentum

Now what are the interesting consequences of the above relationship? Sup-
pose, for simplicity, that we have just two interacting particles, possibly of different
mass, and numbered 1 and 2. The forces between them are equal and opposite;
what are the consequences? According to Newton’s Second Law, force is the time
rate of change of the momentum, so we conclude that the rate of change of momen-
tum p; of particle 1 is equal to minus the rate of change of momentum p, of particle
2, or

dp,/dt = —dp,/dt. (10.1)

Now if the rate of change is always equal and opposite, it follows that the roral
change in the momentum of particle 1 is equal and opposite to the total change in
the momentum of particle 2; this means that if we add the momentum of particle
1 to the momentum of particle 2, the rate of change of the sum of these, due to
the mutual forces (called internal forces) between particles, is zero; that is

d(p1 + p2)/dt = 0. (10.2)

There is assumed to be no other force in the problem. If the rate of change of this
sum is always zero, that is just another way of saying that the quantity (p; + p2)
does not change. (This quantity is also written m;v; + mgyvs, and is called the
total momentum of the two particles.) We have now obtained the result that the
total momentum of the two particles does not change because of any mutual
interactions between them. This statement expresses the law of conservation of
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momentum in that particular example. We conclude that if there is any kind of
force, no matter how complicated, between two particles, and we measure or
calculate m v, + myv,, that is, the sum of the two momenta, both before and
after the forces act, the results should be equal, i.e., the total momentum is a
constant.

If we extend the argument to three or more interacting particles in more com-
plicated circumstances, it is evident that so far as internal forces are concerned, the
total momentum of all the particles stays constant, since an increase in momentum
of one, due to another, is exactly compensated by the decrease of the second,
due to the first. That is, all the internal forces will balance out, and therefore
cannot change the total momentum of the particles. Then if there are no forces
from the outside (external forces), there are no forces that can change the total
momentum ; hence the total momentum is a constant.

It is worth describing what happens if there are forces that do not come from
the mutual actions of the particles in question: suppose we isolate the interacting
particles. If there are only mutual forces, then, as before, the total momentum of
the particles does not change, no matter how complicated the forces. On the other
hand, suppose there are also forces coming from the particles outside the isolated
group. Any force exerted by outside bodies on inside bodies, we call an external
force. We shall later demonstrate that the sum of all external forces equals the rate
of change of the total momentum of all the particles inside, a very useful theorem.

The conservation of the total momentum of a number of interacting particles
can be expressed as

myvy + mqyvs + msvg + -+ = a constant, (10.3)

if there are no net external forces. Here the masses and corresponding velocities
of the particles are numbered 1, 2, 3, 4,... The general statement of Newton’s
Second Law for each particle,

f= %(mv), (10.4)

is true specifically for the components of force and momentum in any given direc-
tion; thus the x-component of the force on a particle is equal to the x-component
of the rate of change of momentum of that particle, or

fe = ;,‘—’; (), (10.5)

and similarly for the y- and z-directions. Therefore Eq. (10.3) is really three
equations, one for each direction.

In addition to the law of conservation of momentum, there is another inter-
esting consequence of Newton’s Second Law, to be proved later, but merely stated
now. This principle is that the laws of physics will look the same whether we are
standing still or moving with a uniform speed in a straight line. For example, a
child bouncing a ball in an airplane finds that the ball bounces the same as though
he were bouncing it on the ground. Even though the airplane is moving with a
very high velocity, unless it changes its velocity, the laws look the same to the
child as they do when the airplane is standing still. This is the so-called relativity
principle. As we use 1t here we shall call it “Galilean relativity” to distinguish it
from the more careful analysis made by Einstein, which we shall study later.

We have just derived the law of conservation of momentum from Newton’s
laws, and we could go on from here to find the special laws that describe impacts
and collisions. But for the sake of variety, and also as an illustration of a kind of
reasoning that can be used 1n physics in other circumstances where, for example,
one might not know Newton’s laws and might take a different approach, we shall
discuss the laws of impacts and collisions from a completely different point of
view. We shall base our discussion on the principle of Galilean relativity, stated
above, and shall end up with the law of conservation of momentum.

We shall start by assuming that nature would look the same if we run along
at a certain speed and watch it as 1t would 1f we were standing still. Before dis-
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cussing collisions in which two bodies collide and stick together, or come together
and bounce apart, we shall first consider two bodies that are held together by a
spring or something else, and are then suddenly released and pushed by the spring
or perhaps by a little explosion. Further, we shall consider motion in only one
direction. First, let us suppose that the two objects are exactly the same, are nice
symmetrical objects, and then we have a little explosion between them. After the
explosion, one of the bodies will be moving, let us say toward the right, with a
velocity v. Then it appears reasonable that the other body is moving toward the
left with a velocity », because if the objects are alike there is no reason for right or
left to be preferred and so the bodies would do something that is symmetrical. This
is an illustration of a kind of thinking that is very useful in many problems but
would not be brought out if we just started with the formulas.

The first result from our experiment is that equal objects will have equal
speed, but now suppose that we have two objects made of different materials,
say copper and aluminum, and we make the two masses equal. We shall now
suppose that if we do the experiment with two masses that are equal, even though
the objects are not identical, the velocities will be equal. Someone might object:
“But you know, you could do it backwards, you did not have to suppose that.
You could define equal masses to mean two masses that acquire eaual velocities
in this experiment.” We follow that suggestion and make a little explosion between
the copper and a very large piece of aluminum, so heavy that the copper flies out
and the aluminum hardly budges. That is too much aluminum, so we reduce the
amount until there is just a very tiny piece, then when we make the explosion the
aluminum goes flying away, and the copper hardly budges. That is not enough alu-
minum. Evidently there is some right amount in between; so we keep adjusting
the amount until the velocities come out equal. Very well then—let us turn it
around, and say that when the velocities are equal, the masses are equal. This
appears to be just a definition, and it seems remarkable that we can transform
physical laws into mere definitions. Nevertheless, there are some physical laws
involved, and if we accept this definition of equal masses, we immediately find one
of the laws, as follows.

Suppose we know from the foregoing experiment that two pieces of matter,
A and B (of copper and aluminum), have equal masses, and we compare a third
body, say a piece of gold, with the copper in the same manner as above, making
sure that its mass is equal to the mass of the copper. If we now make the experiment
between the aluminum and the gold, there is nothing in logic that says these masses
must be equal; however, the experiment shows that they actually are. So now, by
experiment, we have found a new law. A statement of this law might be: If two
masses are each equal to a third mass (as determined by equal velocities in this
experiment), then they are equal to each other. (This statement does nor follow
at all from a similar statement used as a postulate regarding mathematical quanti-
ties.) From this example we can see how quickly we start to infer things if we are
careless. It is not just a definition to say the masses are equal when the velocities
are equal, because to say the masses are equal is to imply the mathematical laws
of equality, which in turn makes a prediction about an experiment.

As a second example, suppose that 4 and B are found to be equal by doing
the experiment with one strength of explosion, which gives a certain velocity; if
we then use a stronger explosion, will it be true or not true that the velocities now
obtained are equal? Again, in logic there is nothing that can decide this question,
but experiment shows that it is true. So, here is another law, which might be
stated: If two bodies have equal masses, as measured by equal velocities at one
velocity, they will have equal masses when measured at another velocity. From
these examples we see that what appeared to be only a definition really involved
some laws of physics.

In the development that follows we shall assume it is true that equal masses
have equal and opposite velocities when an explosion occurs between them. We
shall make another assumption in the inverse case: If two identical objects, moving
in opposite directions with equal velocities, collide and stick together by some kind
of glue, then which way will they be moving after the collision? This is again a
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symmetrical situation, with no preference between right and left, so we assume
that they stand still. We shall also suppose that any two objects of equal mass,
even if the objects are made of different materials, which collide and stick together,
when moving with the same velocity in opposite directions will come to rest after
the collision.

10-3 Momentum s conserved!

We can verify the above assumptions experimentally: first, that if two station-
ary objects of equal mass are separated by an explosion they will move apart with
the same speed, and second, if two objects of equal mass, coming together with the
same speed, collide and stick together they will stop. This we can do by means of
a marvelous invention called an air trough,* which gets rid of friction, the thing
which continually bothered Galileo (Fig. 10-1). He could not do experiments by
sliding things because they do not slide freely, but, by adding a magic touch, we
can today get rid of friction. Our objects will slide without difficulty, on and on at
a constant velocity, as advertised by Galileo. This is done by supporting the objects
on air. Because air has very low friction, an object glides along with practically
constant velocity when there is no applied force. First, we use two glide blocks
which have been made carefully to have the same weight, or mass (their weight
was measured really, but we know that this weight is proportional to the mass),
and we place a small explosive cap in a closed cylinder between the two blocks
(Fig. 10-2). We shall start the blocks from rest at the center point of the track and
force them apart by exploding the cap with an electric spark. What should happen?
If the speeds are equal when they fly apart, they should arrive at the ends of the
trough at the same time. On reaching the ends they will both bounce back with
practically opposite velocity, and will come together and stop at the center where
they started. It is a good test; when it is actually done the result is just as we
have described (Fig. 10-3).

Now the next thing we would like to figure out is what happens in a less simple
situation. Suppose we have two equal masses, one moving with velocity » and the
other standing still, and they collide and stick; what is going to happen? There
is a mass 2m altogether when we are finished, drifting with an unknown velocity.
What velocity? That is the problem. To find the answer, we make the assumption
that if we ride along in a car, physics will look the same as if we are standing still.
We start with the knowledge that two equal masses, moving in opposite directions
with equal speeds v, will stop dead when they collide. Now suppose that while
this happens, we are riding by in an automobile, at a velocity —». Then what does
it look like? Since we are riding along with one of the two masses which are coming
together, that one appears to us to have zero velocity. The other mass, however,
going the other way with velocity v, will appear to be coming toward us at a velocity
2v (Fig. 10-4). Finally, the combined masses after collision will seem to be passing
by with velocity ». We therefore conclude that an object with velocity 2o, hitting
an equal one at rest, will end up with velocity v, or what is mathematically exactly
the same, an object with velocity » hitting and sticking to one at rest will produce
an object moving with velocity »/2. Note that if we multiply the mass and the
velocity beforehand and add them together, mv + 0, we get the same answer as
when we multiply the mass and the velocity of everything afterwards, 2m times
/2. So that tells us what happens when a mass of velocity v hits one standing still.

In exactly the same manner we can deduce what happens when equal objects
having any two velocities hit each other.

Suppose we have two equal bodies with velocities »; and v,, respectively,
which collide and stick together. What is their velocity v after the collision?
Again we ride by in an automobile, say at velocity v,, so that one body appears to
be at rest. The other then appears to have a velocity v; — v, and we have the
same case that we had before. When it is all finished they will be moving at
%(v1 — v2) with respect to the car. What then is the actual speed on the ground?

* H. V. Neher and R. B. Leighton, Amer. Jour. of Phys. 31, 255 (1963).
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Itisv = 3(vy — v3) + vs or 3(vy + v2) (Fig. 10-5). Again we note that

myy + moy = 2m(vy + v3)/2. (10.6)

Thus, using this principle, we can analyze any kind of collision in which two
bodies of equal mass hit each other and stick. In fact, although we have worked
only in one dimension, we can find out a great deal about much more complicated
collisions by imagining that we are riding by in a car in some oblique direction.
The principle is the same, but the details get somewhat complicated.

In order to test experimentally whether an object moving with velocity v,
colliding with an equal one at rest, forms an object moving with velocity v/2, we
may perform the following experiment with our air-trough apparatus. We place
in the trough three equally massive objects, two of which are initially joined to-
gether with our explosive cylinder device, the third being very near to but slightly
separated from these and provided with a sticky bumper so that it will stick to
another object which hits it. Now, a moment after the explosion, we have two
objects of mass m moving with equal and opposite velocities v. A moment after
that, one of these collides with the third object and makes an object of mass 2m
moving, so we believe, with velocity v/2. How do we test whether it is really v/2?
By arranging the mitial positions of the masses on the trough so that the distances
to the ends are not equal, but are in the ratio 2:1. Thus our first mass, which
continues to move with velocity », should cover twice as much distance in a given
time as the two which are stuck together (allowing for the small distance travelled
by the second object before it collided with the third). The mass m and the mass
2m should reach the ends at the same time, and when we try it, we find that they
do (Fig. 10-6).

The next problem that we want to work out is what happens if we have two
different masses. Let us take a mass m and a mass 2m and apply our explosive
interaction. What will happen then? If, as a result of the explosion, m moves with
velocity », with what velocity does 2m move? The experiment we have just done
may be repeated with zero separation between the second and third masses, and
when we try it we get the same result, namely, the reacting masses m and 2m
attain velocities —v and v/2. Thus the direct reaction between m and 2m gives
the same result as the symmetrical reaction between m and m, followed by a collision
between m and a third mass m in which they stick together. Furthermore, we find
that the masses m and 2m returning from the ends of the trough, with their veloci-
ties (nearly) exactly reversed, stop dead if they stick together.

Now the next question we may ask is this. What will happen if a mass m with
velocity », say, hits and sticks to another mass 2m at rest? This is very easy to
answer using our principle of Galilean relativity, for we simply watch the collision
which we have just described from a car moving with velocity —v/2 (Fig. 10-7).
From the car, the velocities are

vy = v — v(cary = v + v/2 = /2
and
vh = —v/2 — v(car) = —v/2 4+ v/2 = 0.

After the collision, the mass 3m appears to us to be moving with velocity »/2.
Thus we have the answer, i.e., the ratio of velocities before and after collision is
3 to I:1f an object of mass m collides with a stationary object of mass 2m, then the
whole thing moves off, stuck together, with a velocity 1/3 as much. The general
rule again 1s that the sum of the products of the masses and the velocities stays the
same: mv + 0 equals 3m times v/3, so we are gradually building up the theorem
of the conservation of momentum, piece by piece.

Now we have one against two. Using the same arguments, we can predict the
result of one against three, two against three, etc. The case of two against three,
starting from rest, is shown in Fig. 10-8.

In every case we find that the mass of the first object times its velocity, plus
the mass of the second object times 1ts velocity, is equal to the total mass of the
final object times its velocity. These are all examples, then, of the conservation of
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momentum. Starting from simple, symmetrical cases, we have demonstrated the
law for more complex cases. We could, in fact, do it for any rational mass ratio,
and since every ratio is exceedingly close to a rational ratio, we can handle every
ratio as precisely as we wish.

104 Momentum and energy

All the foregoing examples are simple cases where the bodies collide and stick
together, or were initially stuck together and later separated by an explosion.
However, there are situations in which the bodies do not cohere, as, for example,
two bodies of equal mass which collide with equal speeds and then rebound.
For a brief moment they are in contact and both are compressed. At the instant
of maximum compression they both have zero velocity and energy is stored in the
elastic bodies, as in a compressed spring. This energy is derived from the kinetic
energy the bodies had before the collision, which becomes zero at the instant their
velocity is zero. The loss of kinetic energy is only momentary, however. The
compressed condition is analogous to the cap that releases energy in an explosion.
The bodies are immediately decompressed in a kind of explosion, and fly apart
again; but we already know that case—the bodies fly apart with equal speeds.
However, this speed of rebound is less, in general, than the initial speed, because
not all the energy is available for the explosion, depending on the material. If the
material is putty no kinetic energy is recovered, but if it is something more rigid,
some kinetic energy is usually regained. In the collision the rest of the kinetic
energy is transformed into heat and vibrational energy—the bodies are hot and
vibrating. The vibrational energy also is soon transformed into heat. It is possible
to make the colliding bodies from highly elastic materials, such as steel, with
carefully designed spring bumpers, so that the collision generates very little heat
and vibration. In these circumstances the velocities of rebound are practically
equal to the initial velocities; such a collision is called elastic.

That the velocities before and after an elastic collision are equal is not a matter
of conservation of momentum, but a matter of conservation of kinetic energy.
That the speeds of the bodies rebounding after a symmetrical collision are equal
to each other, however, is a matter of conservation of momentum.

We might similarly analyze collisions between bodies of different masses,
different initial velocities, and various degrees of elasticity, and determine the final
velocities and the loss of kinetic energy, but we shall not go into the details of
these processes.

Elastic collisions are especially interesting for systems that have no internal
““gears, wheels, or parts.” Then when there is a collision there is nowhere for the
energy to be impounded, because the objects that move apart are in the same
condition as when they collided. Therefore, between very elementary objects, the
collisions are always elastic or very nearly elastic. For instance, the collisions
between atoms or molecules in a gas are said to be perfectly elastic. Although this
is an excellent approximation, even such collisions are not perfectly elastic; other-
wise one could not understand how energy in the form of light or heat radiation
could come out of a gas. Once in a while, in a gas collision, a low-energy infrared
ray is emitted, but this occurrence is very rare and the energy emitted is very small.
So, for most purposes, collisions of molecules in gases are considered to be per-
fectly elactic.

As an interesting example, let us consider an elastic collision between two
objects of equal mass. 1f they come together with the same speed, they would
come apart at that same speed, by symmetry. But now look at this in another
circumstance, in which one of them is moving with velocity » and the other one is
at rest. What happens? We have been through this before. We watch the sym-
metrical collision from a car moving along with one of the objects, and we find
that if a stationary body is struck elastically by another body of exactly the same
mass, the moving body stops, and the one that was standing still now moves away
with the same speed that the other one had; the bodies simply exchange velocities.
This behavior can easily be demonstrated with a suitable impact apparatus. More
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generally, if both bodies are moving, with different velocities, they simply exchange
velocity at impact.

Another example of an almost elastic interaction is magnetism. If we arrange
a pair of U-shaped magnets in our glide blocks, so that they repel each other,
when one drifts quietly up to the other, it pushes it away and stands perfectly still,
and now the other goes along, frictionlessly.

The principle of conservation of momentum is very useful, because it enables
us to solve many problems without knowing the details. We did not know the
details of the gas motions in the cap explosion, yet we could predict the velocities
with which the bodies came apart, for example. Another interesting example is
rocket propulsion. A rocket of large mass, M, ejects a small piece, of mass m, with
a terrific velocity V relative to the rocket. After this the rocket, if it were originally
standing still, will be moving with a small velocity, ». Using the principle of con-
servation of momentum, we can calculate this velocity to be

So long as material is being ejected, the rocket continues to pick up speed.
Rocket propulsion is essentially the same as the recoil of a gun: there is no need
for any air to push against.

10-5 Relativistic momentum

In modern times the law of conservation of momentum has undergone certain
modifications. However, the law is still true today, the modifications being mainly
in the definitions of things. In the theory of relativity it turns out that we do have
conservation of momentum; the particles have mass and the momentum is still
given by mv, the mass times the velocity, but the mass changes with the velocity,
hence the momentum also changes. The mass varies with velocity according to

the law
mo

V1 — v2/c? ’

where m, is the mass of the body at rest and c is the speed of light. It is easy to
see from the formula that there is negligible difference between m and m, unless
v is very large, and that for ordinary velocities the expression for momentum
reduces to the old formula.

The components of momentum for a single particle are written as

m =

(10.7)

Mol moty, mov,

px:\/l——v2/c2’ pu:\/l—-vz/c@’ Pz=v1_1)2/02’

where v2 = 2 + vi + o2 If the x-components are summed over all the inter-
acting particles, both before and after a collision, the sums are equal; that is,
momentum is conserved in the x-direction. The same holds true in any direction.

In Chapter 4 we saw that the law of conservation of energy is not valid unless
we recognize that energy appears in different forms, electrical energy, mechanical
energy, radiant energy, heat energy, and so on. In some of these cases, heat energy
for example, the energy might be said to be “hidden.” This example might suggest
the question, “Are there also hidden forms of momentum—perhaps heat momen-
tum?” The answer is that it is very hard to hide momentum for the following
reasons.

The random motions of the atoms of a body furnish a measure of heat energy,
if the squares of the velocities are summed. This sum will be a positive result,
having no directional character. The heat is there, whether or not the body moves
as a whole, and conservation of energy in the form of heat is not very obvious.
On the other hand, if one sums the velocities, which have direction, and finds a
result that is not zero, that means that there is a drift of the entire body in some
particular direction, and such a gross momentum is readily observed. Thus there
is no random internal lost momentum, because the body has net momentum only
10-8
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when it moves as a whole. Therefore momentum, as a mechanical quantity, is
difficult to hide. Nevertheless, momentum can be hidden—in the electromagnetic
field, for example. This case is another effect of relativity.

One of the propositions of Newton was that interactions at a distance are
instantaneous. It turns out that such is not the case; in situations involving
electrical forces, for instance, if an electrical charge at one location is suddenly
moved, the effects on another charge, at another place, do not appear instantane-
ously—there is a little delay. In those circumstances, even if the forces are equal
the momentum will not check out; there will be a short time during which there
will be trouble, because for a while the first charge will feel a certain reaction force,
say, and will pick up some momentum, but the second charge has felt nothing and
has not yet changed its momentum. It takes time for the influence to cross the
intervening distance, which it does at 186,000 miles a second. In that tiny time
the momentum of the particles is not conserved. Of course after the second charge
has felt the effect of the first one and all is quieted down, the momentum equation
will check out all right, but during that small interval momentum is not conserved.
We represent this by saying that during this interval there is another kind of mo-
mentum besides that of the particle, mv, and that is momentum in the electro-
magnetic field. If we add the field momentum to the momentum of the particles,
then momentum is conserved at any moment all the time. The fact that the electro-
magnetic field can possess momentum and energy makes that field very real, and
so, for better understanding, the original idea that there are just the forces between
particles has to be modified to the idea that a particle makes a field, and a field
acts on another particle, and the field itself has such familiar properties as energy
content and momentum, just as particles can have. To take another example: an
electromagnetic field has waves, which we call light; it turns out that light also
carries momentum with it, so when light impinges on an object it carries in a
certain amount of momentum per second ; this is equivalent to a force, because if
the illuminated object is picking up a certain amount of momentum per second,
its momentum is changing and the situation is exactly the same as if there were a
force on it. Light can exert pressure by bombarding an object; this pressure is
very small, but with sufficiently delicate apparatus it is measurable.

Now in quantum mechanics it turns out that momentum is a different thing—
it is no longer mv. It is hard to define exactly what is meant by the velocity of a
particle, but momentum still exists. In quantum mechanics the difference is that
when the particles are represented as particles, the momentum is still mv, but when
the particles are represented as waves, the momentum is measured by the number
of waves per centimeter: the greater this number of waves, the greater the momen-
tum. In spite of the differences, the law of conservation of momentum holds also
in quantum mechanics. Even though the law f = ma is false, and all the deriva-
tions of Newton were wrong for the conservation of momentum, in quantum
mechanics, nevertheless, in the end, that particular law maintains itself!
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11

Veetors

11-1 Symmetry in physics

In this chapter we introduce a subject that is technically known in physics as
symmetry in physical law. The word ‘“‘symmetry” is used here with a special
meaning, and therefore needs to be defined. When is a thing symmetrical—how
can we define it? When we have a picture that is symmetrical, one side is somehow
the same as the other side. Professor Hermann Weyl has given this definition of
symmetry: a thing is symmetrical if one can subject it to a certain operation and
it appears exactly the same after the operation. For instance, if we look at a vase
that is left-and-right symmetrical, then turn it 180° around the vertical axis, it
looks the same. We shall adopt the definition of symmetry in Weyl’s more general
form, and in that form we shall discuss symmetry of physical laws.

Suppose we build a complex machine in a certain place, with a lot of compli-
cated interactions, and balls bouncing around with forces between them, and so on.
Now suppose we build exactly the same kind of equipment at some other place,
matching part by part, with the same dimensions and the same orientation, every-
thing the same only displaced laterally by some distance. Then, if we start the
two machines in the same initial circumstances, in exact correspondence, we ask:
will one machine behave exactly the same as the other? Will it follow all the mo-
tions in exact parallelism? Of course the answer may well be no, because if we
choose the wrong place for our machine it might be inside a wall and interferences
from the wall would make the machine not work.

All of our ideas in physics require a certain amount of common sense in their
application; they are not purely mathematical or abstract ideas. We have to under-
stand what we mean when we say that the phenomena are the same when we move
the apparatus to a new position. We mean that we move everything that we
believe is relevant; if the phenomenon is not the same, we suggest that something
relevant has not been moved, and we proceed to look for it. If we never find it,
then we claim that the laws of physics do not have this symmetry. On the other
hand, we may find it—we expect to find it—if the laws of physics do have this
symmetry; looking around, we may discover, for instance, that the wall is pushing
on the apparatus. The basic question is, if we define things well enough, if all the
essential forces are included inside the apparatus, if all the relevant parts are moved
from one place to another, will the laws be the same? Will the machinery work
the same way?

It is clear that what we want to do is to move all the equipment and essential
influences, but not everyrhing in the world—planets, stars, and all—for if we do
that, we have the same phenomenon again for the trivial reason that we are right
back where we started. No, we cannot move everything. But it turns out in
practice that with a certain amount of intelligence about what to move, the ma-
chinery will work. In other words, if we do not go inside a wall, if we know the
origin of the outside forces, and arrange that those are moved too, then the ma-
chinery will work the same in one location as in another.

11-2 Translations

We shall limit our analysis to just mechanics, for which we now have sufficient
knowledge. In previous chapters we have seen that the laws of mechanics can be
summarized by a set of three equations for each particle:

m(d?x/dt?) = F,,  m(d®/di®) = F,, m(d?z/dt?) = F,. (11.1)
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Two parallel coordinate

Now this means that there exists a way to measure x, y, and z on three perpendicu-
lar axes, and the forces along those directions, such that these laws are true.
These must be measured from some origin, but where do we put the origin? All
that Newton would tell us at first is that there is some place that we can measure
from, perhaps the center of the universe, such that these laws are correct. But we
can show immediately that we can never find the center, because if we use some
other origin it would make no difference. In other words, suppose that there are
two people—Joe, who has an origin in one place, and Moe, who has a parallel
system whose origin is somewhere else (Fig. 11-1). Now when Joe measures the
location of the point in space, he finds it at x, y, and z (we shall usually leave z out
because it is too confusing to draw in a picture). Moe, on the other hand, when
measuring the same point, will obtain a different x (in order to distinguish it, we
will call it x), and in principle a different p, although in our example they are
numerically equal. So we have

x' =x—a, y =y, Z =z (11.2)

Now in order to complete our analysis we must know what Moe would obtain for
the forces. The force is supposed to act along some line, and by the force in the
x-direction we mean the part of the total which is in the x-direction, which is
the magnitude of the force times this cosine of its angle with the x-axis. Now we
see that Moe would use exactly the same projection as Joe would use, so we have
a set of equations

Fy =F, F,=F, F,=F. (11.3)

These would be the relationships between quantities as seen by Joe and Moe.

The question is, if Joe knows Newton’s laws, and if Moe tries to write down
Newton’s laws, will they also be correct for him? Does it make any difference from
which origin we measure the points? In other words, assuming that equations
(11.1) are true, and the Eqs. (11.2) and (11.3) give the relationship of the measure-
ments, is it or is it not true that

@) md°x'/dt®) = F,,
() m(d®'/di®) = F,, (11.4)
©) md*/dt®) = F,?

In order to test these equations we shall differentiate the formula for x’
twice. First of all

dx' _d _dx da

F7ar A A

Now we shall assume that Moe’s origin is fixed (not moving) relative to Joe’s;
therefore a is a constant and da/dt = 0, so we find that

dx'/dt

I

dx/dt
and therefore
d*x'/dt* = d?x/dt?;

therefore we know that Eq. (11.4a) becomes
m(d®x/dt?) = F,.

(We also suppose that the masses measured by Joe and Moe are equal.) Thus the
acceleration times the mass is the same as the other fellow’s. We have also found
the formula for F,-, for, substituting from Eq. (11.1), we find that

F, = F,.

Therefore the laws as seen by Moe appear the same; he can write Newton’s
laws too, with different coordinates, and they will still be right. That means that
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there is no unique way to define the origin of the world, because the laws will
appear the same, from whatever position they are observed.

This is also true: if there is a piece of equipment in one place with a certain
kind of machinery in it, the same equipment in another place will behave in the
same way. Why? Because one machine, when analyzed by Moe, has exactly the
same equations as the other one, analyzed by Joe. Since the equations are the same,
the phenomena appear the same. So the proof that an apparatus in a new position
behaves the same as it did in the old position is the same as the proof that the
equations when displaced in space reproduce themselves. Therefore we say that
the laws of physics are symmetrical for translational displacements, symmetrical
in the sense that the laws do not change when we make a translation of our co-
ordinates. Of course it is quite obvious intuitively that this is true, but it is inter-
esting and entertaining to discuss the mathematics of it.

11-3 Rotations

The above is the first of a series of ever more complicated propositions con-
cerning the symmetry of a physical law. The next proposition is that it should
make no difference in which direction we choose the axes. In other words, if we
build a piece of equipment in some place and watch it operate, and nearby we
build the same kind of apparatus but put it up on an angle, will it operate in the
same way? Obviously it will not if it is a Grandfather clock, for example! If a
pendulum clock stands upright, it works fine, but if it is tilted the pendulum falls
against the side of the case and nothing happens. The theorem is then false in
the case of the pendulum clock, unless we include the earth, which is pulling on
the pendulum. Therefore we can make a prediction about pendulum clocks if
we believe in the symmetry of physical law for rotation: something else is involved
in the operation of a pendulum clock besides the machinery of the clock, something
outside it that we should look for. We may also predict that pendulum clocks will
not work the same way when located in different places relative to this mysterious
source of asymmetry, perhaps the earth. Indeed, we know that a pendulum clock
up in an artificial satellite, for example, would not tick either, because there is no
effective force, and on Mars it would go at a different rate. Pendulum clocks do
involve something more than just the machinery inside, they involve something
on the outside. Once we recognize this factor, we see that we must turn the earth
along with the apparatus. Of course we do not have to worry about that, it is easy
to do; one simply waits a moment or two and the earth turns; then the pendulum
clock ticks again irt the new position the same as it did before. While we are
rotating in space our angles are always changing, absolutely; this change does not
seem to bother us very much, for in the new position we seem to be in the same
condition as in the old. This has a certain tendency to confuse one, because it is
true that in the new turned position the laws are the same as in the unturned
position, but it is not true that as we turn a thing it follows the same laws as it does
when we are not turning it. If we perform sufficiently delicate experiments, we
can tell that the earth is rotating, but not that it had rotated. In other words, we
cannot locate its angular position, but we can tell that it is changing.

Now we may discuss the effects of angular orientation upon physical laws.
Let us find out whether the same game with Joe and Moe works again. This time,
to avoid needless complication, we shall suppose that Joe and Moe use the same
origin (we have already shown that the axes can be moved by translation to another
place). Assume that Moe’s axes have rotated relative to Joe’s by an angle 6.
The two coordinate systems are shown in Fig. 11-2, which is restricted to two
dimensions. Consider any point P having coordinates (x, y) in Joe’s system and
(x’, ¥') in Moe’s system. We shall begin, as in the previous case, by expressing
the coordinates x’ and )’ in terms of x, y, and 6. To do so, we first drop perpendic-
ulars from P to all four axes and draw 4B perpendicular to PQ. Inspection of the
figure shows that x’ can be written as the sum of two lengths along the x’-axis,
and )’ as the difference of two lengths along 4AB. All these lengths are expressed
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Fig. 11-3. Components of a force in
the two systems.

in terms of x, y, and 6 in equations (11.5), to which we have added an equation
for the third dimension.

x' = xcos 6 4 ysin 6,
= ycosf# — xsin b, (11.5)

= Z.

The next step is to analyze the relationship of forces as seen by the two observers,
following the same general method as before. Let us assume that a force F, which
has already been analyzed as having components F, and F, (as seen by Joe), is
acting on a particle of mass m, located at point P in Fig. 11-2. For simplicity, let
us move both sets of axes so that the origin is at P, as shown in Fig. 11-3. Moe
sees the components of F along his axes as F,- and .. F, has components along
both the x’- and y’-axes, and F, likewise has components along both these axes.
To express F,- in terms of F, and F,, we sum these components along the x’-axis,
and in a like manner we can express Fy- in terms of F, and F,. The results are

F,» = F,cos § + F,sin 4,
Fy = F,cos§ — F,sin 6, (11.6)
F,, = F,.

It is interesting to note an accident of sorts, which is of extreme importance: the
formulas (11.5) and (11.6), for coordinates of P and components of F, respectively,
are of identical form.

As before, Newton’s laws are assumed to be true in Joe'’s system, and are
expressed by equations (11.1). The question, again, is whether Moe can apply
Newton’s laws—will the results be correct for his system of rotated axes? In other
words, if we assume that Eqs. (11.5) and (11.6) give the relationship of the measure-
ments, is it true or not true that

m(d?x’/dt?) = F,
m(d®y'/dt?) = F,, (11.7)
m(d?z'/dt?) = F,?
To test these equations, we calculate the left and right sides independently, and
compare the results. To calculate the left sides, we multiply equations (11.5) by m,
and differgntiate twice with respect to time, assuming the angle ¢ to be constant.
This gives
m(d®x'/dt?) = m(d®x/dt?) cos § + m(d?y/dt?) sin 6,
m(d?®y'/dt?) = m(d%y/dt?) cos § — m(d%x/dt?)sin 6, (11.8)
m(d?zZ' /dt?) = m(d?z/dt?).
We calculate the right sides of equations (11.7) by substituting equations (11.1)
into equations (11.6). This gives

=
I

m(d?x/dt?) cos 6 + m(d?y/dt?) sin 6,
m(d®y/dt?) cos § — m(d®x/dt?) sin 6, (11.9)
F, = m(d?z/dr?).

<
I

Behold! The right sides of Egs. (11.8) and (11.9) are identical, so we conclude
that if Newton’s laws are correct on one set of axes, they are also valid on any
other set of axes. This result, which has now been established for both translation
and rotation of axes, has certain consequences: first, no one can claim his particular
axes are unique, but of course they can be more convenient for certain particular
problems. For example, it is handy to have gravity along one axis, but this is not
physically necessary. Second, it means that any piece of equipment which is
completely self-contained, with all the force-generating equipment completely in-
side the apparatus, would work the same when turned at an angle.
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11-4 Vectors

Not only Newton’s laws, but also the other laws of physics, so far as we know
today, have the two properties which we call invariance (or symmetry) under
translation of axes and rotation of axes. These properties are so important that a
mathematical technique has been developed to take advantage of them in writing
and using physical laws.

The foregoing analysis involved considerable tedious mathematical work.
To reduce the details to a minimum in the analysis of such questions, a very power-
ful mathematical machinery has been devised. This system, called vector analysis,
supplies the title of this chapter; strictly speaking, however, this is a chapter on
the symmetry of physical laws. By the methods of the preceding analysis we were
able to do everything required for obtaining the results that we sought, but in
practice we should like to do things more easily and rapidly, so we employ the
vector technique.

We began by noting some characteristics of two kinds of quantities that are
important in physics. (Actually there are more than two, but let us start out with
two.) One of them, like the number of potatoes in a sack, we call an ordinary
quantity, or an undirected quantity, or a scalar. Temperature is an example of
such a quantity. Other quantities that are important in physics do have direction,
for instance velocity: we have to keep track of which way a body is going, not just
its speed. Momentum and force also have direction, as does displacement: when
someone steps from one place to another in space, we can keep track of how far
he went, but if we wish also to know where he went, we have to specify a direction.

All quantities that have a direction, like a step in space, are called vectors.

A vector is three numbers. In order to represent a step in space, say from the
origin to some particular point P whose location is (x, y, z), we really need three
numbers, but we are going to invent a single mathematical symbol, r, which is
unlike any other mathematical symbols we have so far used.* It is nor a single
number, it represents three numbers: x, y, and z. It means three numbers, but
not really only those three numbers, because if we were to use a different coordinate
system, the three numbers would be changed to x’, y’, and z’. However, we want
to keep our mathematics simple and so we are going to use the same mark to repre-
sent the three numbers (x, y, z) and the three numbers (x’, )/, z’). That is, we use
the same mark to represent the first set of three numbers for one coordinate system,
but the second set of three numbers if we are using the other coordinate system.
This has the advantage that when we change the coordinate system, we do not
have to change the letters of our equations. If we write an equation in terms of
x, ¥, z, and then use another system, we have to change to x’, 3/, 2/, but we shall
just write r, with the convention that 1t represents (x, y, z) if we use one set of axes,
or (x', ', 2') if we use another set of axes, and so on. The three numbers which
describe the quantity in a given coordinate system are called the components of the
vector in the direction of the coordinate axes of that system. That is, we use the
same symbol for the three letters that correspond to the same object, as seen from
different axes. The very fact that we can say “the same object” implies a physical
intuition about the reality of a step in space, that is independent of the components
in terms of which we measure it. So the symbol r will represent the same thing
no matter how we turn the axes.

Now suppose there is another directed physical quantity, any other quantity,
which also has three numbers associated with it, like force, and these three
numbers change to three other numbers by a certain mathematical rule, if we
change the axes. It must be the same rule that changes (x, y, z) into (¥, ', z’). In
other words, any physical quantity associated with three numbers which transform
as do the components of a step in space is a vector. An equation like

F=r

would thus be true in any coordinate system if it were true in one. This equation,

* In type, vectors are represented by boldface; in handwritten form an arrow is used 1T
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of course, stands for the three equations

F, = x, F, =y, F, = z,
or, alternatively, for
Fo=x, Fy,=y, Fy,=12.

The fact that a physical relationship can be expressed as a vector equation assures
us the relationship is unchanged by a mere rotation of the coordinate system.
That is the reason why vectors are so useful in physics.

Now let us examine some of the properties of vectors. As examples of vectors
we may mention velocity, momentum, force, and acceleration. For many purposes
it is convenient to represent a vector quantity by an arrow that indicates the direc-
tion in which it is acting. Why can we represent force, say, by an arrow? Because
it has the same mathematical transformation properties as a “‘step in space.” We
thus represent it in a diagram as if it were a step, using a scale such that one unit
of force, or one newton, corresponds to a certain convenient length. Once we
have done this, all forces can be represented as lengths, because an equation like

F = kr,

where k is some constant, is a perfectly legitimate equation. Thus we can always
represent forces by lines, which is very convenient, because once we have drawn
the line we no longer need the axes. Of course, we can quickly calculate the three
components as they change upon turning the axes, because that is just a geometric
problem.

11-5 Vector algebra

Now we must describe the laws, or rules, for combining vectors in various
ways. The first such combination is the addition of two vectors: suppose that
a is a vector which in some particular coordinate system has the three components
(az, ay, a,), and that b is another vector which has the three components (b, by, b,).
Now let us invent three new numbers (a, + b., a, + by, a, + b;). Do these form
avector? “Well,” we might say, “they are three numbers, and every three numbers
form a vector.” No, not every three numbers form a vector! In order for it to be a
vector, not only must there be three numbers, but these must be associated with a
coordinate system in such a way that if we turn the coordinate system, the three
numbers “revolve” on each other, get “mixed up” in each other, by the precise
laws we have already described. So the question is, if we now rotate the coordinate
system so that (a., a,, a,) become (@', a,r, a,) and (b, by, b.) become (by', by, b.'),
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